
Transverse observables in Higgs and 
Drell-Yan production at N3LL +NNLO′ 

Luca Rottoli

Based on: Re, LR & Torrielli 2104.07509

RadISH formalism: Monni, Re, Torrielli 1604.02191, Bizon, Monni, Re, LR & Torrielli 1705.09127 



Rencontres de Blois 2021, 19th October 2021 1

Transverse observables in colour-singlet production

Clean experimental and theoretical environment for precision physics

Inclusive observables (e.g. transverse momentum ) probe directly the kinematics of the colour singlet pt

• little or no sensitivity to multi-parton interactions 

• reduced sensitivity to non-perturbative effects 

• measured extremely precisely at experiments

V(k1, …kn) = V(k1 + … + kn)

V(k) = ( kt

M )
a

f(ϕ)

Parameterized as

for a single soft QCD emission  collinear to incoming leg.  
Independent of the rapidity of radiation.  for soft/collinear radiation. 
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Figure 6: The Born-level distributions of (1/�) d�/dp``T for the combination of the electron-pair and muon-pair
channels, shown in six m`` regions for |y`` | < 2.4. The central panel of each plot shows the ratios of the values from
the individual channels to the combined values, where the error bars on the individual-channel measurements rep-
resent the total uncertainty uncorrelated between bins. The light-blue band represents the data statistical uncertainty
on the combined value and the dark-blue band represents the total uncertainty (statistical and systematic). The �2

per degree of freedom is given. The lower panel of each plot shows the pull, defined as the di↵erence between the
electron-pair and muon-pair values divided by the uncertainty on that di↵erence.

19

±1%

Very accurate theoretical predictions needed
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• Sensitivity to New Physics (e.g. light 
Yukawa couplings, trilinear Higgs 
coupling)  

• Experimental analyses categorize events 
into jet bins according to the jet 
multiplicity 

• Increased sensitivity to Higgs boson 
kinematics, spin-CP properties, BSM 
effects… 

2

Example: the Higgs transverse momentum

[Bishara et al. ’16][Soreq et al. ’16]
[Bizon et al. 1610.05771]
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Figure 26: The di�erential cross sections for pp ! H ! �� as a function of (a) p��T and (b) |y�� | are shown
and compared to the SM expectations.

small whilst retaining enough statistical power to measure the di�erential spectra. The measured pj1
T

spectrum shown in Figure 27(a) is compared to the default MC prediction as introduced in the previous
section as well as to the NNLOJET and SCET���(STWZ) [99, 135] predictions. Both the NNLOJET
and SCET��� predictions are corrected using isolation correction factors to account for the impact of
the isolation e�ciency. In addition, the NNLOJET prediction is corrected for the kinematic acceptance
and the uncertainties in these corrections is included in the uncertainty bands of both NNLOJET and
SCET���. The first bin of the leading jet pT spectrum represents zero-jet events that do not contain
any jet with pT> 30 GeV. The predicted pT distributions slightly exceed the measured distribution
at low transverse momentum and all show a slight deficit at large transverse momentum. Both are
compatible with the observed slightly harder Higgs boson transverse momentum distribution. The
measured |yj1 | distribution shown in Figure 27(b) is compared to the default MC and the NNLOJET
predictions: Both show a slight excess at low rapidity. In Figure 27(c) the measured subleading jet pT
distribution is shown. The first bin of pj2

T represents one-jet events that do not contain two or more jets
with pT> 30 GeV. The measured distribution is compared to the default MC, S����� (M���@N��),
and G�S�� predictions, as introduced in Section 9.4. Finally, in Figure 27(d) the subleading jet
rapidity distribution, |yj2 |, is shown and compared to the expectation from the default MC, S�����
(M���@N��), and G�S�� predictions. The SM predictions are in agreement with the measured
distributions and no significant deviations are seen.

9.5.3 Measurements of cross sections probing spin and CP

The absolute value of the cosine of the angle between the beam axis and the photons in the Collins–
Soper frame [11] of the Higgs boson, | cos ✓⇤ |, can be used to study the spin of the Higgs boson. The

66

[ATLAS 1802.04146]
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Figure 30: The double-di�erential cross section for pp ! H ! �� as a function of (a) p��T and Njets, for jets
with pT > 30 GeV, and (b) p��T and | cos ✓⇤ | separating the two regions of | cos ✓⇤ | < 0.5 and | cos ✓⇤ | > 0.5
from each other. The data and theoretical predictions are presented in the same way as in Figure 26.

Table 16: The expected uncertainties, expressed in percent, in the cross sections measured in the diphoton
fiducial, VBF-enhanced, Nlepton � 1, tt̄H-enhanced, and high Emiss

T regions. The fit systematic uncertainty
includes the e�ect of the photon energy scale and resolution, and the impact of the background modeling on
the signal yield. The theoretical modeling uncertainty is defined as the envelope of the signal composition, the
modeling of Higgs boson transverse momentum and rapidity distribution, and the uncertainty of parton shower
and the underlying event (labeled as “UE/PS”) as described in Section 7.4.

Source Uncertainty in fiducial cross section
Diphoton VBF-enhanced Nlepton � 1 tt̄H-enhanced High Emiss

T
Fit (stat.) 17% 22% 72% 176% 53%
Fit (syst.) 6% 9% 27% 138% 13%

Photon energy scale & resolution 4.3% 3.5% 3.1% 10% 4.1%
Background modeling 4.2% 7.8% 26.7% 138% 12.2%

Photon e�ciency 1.8% 1.8% 1.8% 1.8% 1.9%
Jet energy scale/resolution - 8.9% - 4.5% 6.9%
b-jet flavor tagging - - - 3% -
Lepton selection - - 0.7% 0.2% -
Pileup 1.1% 2.9% 1.3% 2.5% 2.5%
Theoretical modeling 0.1% 4.5% 4.0% 8.1% 31%

Signal composition 0.1% 4.5% 3.1% 8.1% 25%
Higgs boson pH

T & |yH | 0.1% 0.9% 0.2% 0.7% 0.1%
UE/PS - 0.3% 0.7% 1.1% 31%

Luminosity 3.2% 3.2% 3.2% 3.2% 3.2%
Total 18% 26% 77% 224% 63%

the uncertainty in the fitted signal yield, due to the background modeling and the photon energy
resolution, is typically more important than the uncertainty in the correction factor due to the theoretical
modeling. The jet energy scale and resolution uncertainties become increasingly important for high-jet
multiplicities and in the tt̄H- and VBF-enhanced phase space.
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Figure 26: The di�erential cross sections for pp ! H ! �� as a function of (a) p��T and (b) |y�� | are shown
and compared to the SM expectations.

small whilst retaining enough statistical power to measure the di�erential spectra. The measured pj1
T

spectrum shown in Figure 27(a) is compared to the default MC prediction as introduced in the previous
section as well as to the NNLOJET and SCET���(STWZ) [99, 135] predictions. Both the NNLOJET
and SCET��� predictions are corrected using isolation correction factors to account for the impact of
the isolation e�ciency. In addition, the NNLOJET prediction is corrected for the kinematic acceptance
and the uncertainties in these corrections is included in the uncertainty bands of both NNLOJET and
SCET���. The first bin of the leading jet pT spectrum represents zero-jet events that do not contain
any jet with pT> 30 GeV. The predicted pT distributions slightly exceed the measured distribution
at low transverse momentum and all show a slight deficit at large transverse momentum. Both are
compatible with the observed slightly harder Higgs boson transverse momentum distribution. The
measured |yj1 | distribution shown in Figure 27(b) is compared to the default MC and the NNLOJET
predictions: Both show a slight excess at low rapidity. In Figure 27(c) the measured subleading jet pT
distribution is shown. The first bin of pj2

T represents one-jet events that do not contain two or more jets
with pT> 30 GeV. The measured distribution is compared to the default MC, S����� (M���@N��),
and G�S�� predictions, as introduced in Section 9.4. Finally, in Figure 27(d) the subleading jet
rapidity distribution, |yj2 |, is shown and compared to the expectation from the default MC, S�����
(M���@N��), and G�S�� predictions. The SM predictions are in agreement with the measured
distributions and no significant deviations are seen.

9.5.3 Measurements of cross sections probing spin and CP

The absolute value of the cosine of the angle between the beam axis and the photons in the Collins–
Soper frame [11] of the Higgs boson, | cos ✓⇤ |, can be used to study the spin of the Higgs boson. The
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3
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t /mH)

Large transverse momentum logarithms

Fixed order predictions no longer reliable: 
all order resummation of the perturbative series mandatory

Example: the Higgs transverse momentum
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Resummation of transverse momentum is delicate because pt is a vectorial quantity

n

∑
i=1

⃗k t,i ≃ 0cross section naturally 
suppressed as there is 
no phase space left for 
gluon emission 
(Sudakov limit)

Large kinematic cancellations 

pt ~0 far from the Sudakov limit

p2
t ∼ k2

t,i ≪ m2
H

Exponential 
suppression Power suppression

Resummation of the transverse momentum spectrum

Singlet

Singlet

4

Two concurring mechanisms leading to a system with small pt
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n

∑
i=1

⃗k t,i ≃ 0cross section naturally 
suppressed as there is 
no phase space left for 
gluon emission 
(Sudakov limit)

Large kinematic cancellations 

pt ~0 far from the Sudakov limit

p2
t ∼ k2

t,i ≪ m2
H

Exponential 
suppression Power suppression

Dominant at small  pt

Resummation of the transverse momentum spectrum

Singlet

Singlet

4

[Parisi, Petronzio, 1979] 

Two concurring mechanisms leading to a system with small pt

Resummation of transverse momentum is delicate because pt is a vectorial quantity
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RadISH in a nutshell
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× ϵR′ (v1)R′ (v1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζiv1) Θ (pt − | ⃗k t,i + ⋯ ⃗k t,n+1 | ))

vi = kt,i/mH, ζi = vi/v1
Unresolved

Resolved

σ(pt) = σ0 ∫
dv1

v1 ∫
2π

0

dϕ1

2π
e−R(v1)

Result at NLL accuracy (with fixed PDFs) can be written as

5

Resummation of the  spectrum in direct spacept

RadISH in a nutshell
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Logarithmic accuracy defined in terms of ln(mH /kt1)

Result formally equivalent to the b-space formulation

Result at NLL accuracy (with fixed PDFs) can be written as

[Bizon, Monni, Re, LR, Torrielli ’17]

× ϵR′ (v1)R′ (v1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζiv1) Θ (pt − | ⃗k t,i + ⋯ ⃗k t,n+1 | ))

vi = kt,i/mH, ζi = vi/v1σ(pt) = σ0 ∫
dv1

v1 ∫
2π

0

dϕ1

2π
e−R(v1)

Sudakov and azimuthal mechanisms accounted for, no assumption on  vs  hierarchy.kt,i pt

Unresolved

Resolved

5

RadISH in a nutshell
Resummation of the  spectrum in direct spacept

Formula can be evaluated with Monte Carlo method; dependence on  vanishes (as ) and result is finite in four 
dimensions 

ϵ 𝒪(ϵ)
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
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(αs(μ0))H(μR)Cc2
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2 ∑
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All-order formula in Mellin space

Unresolved

Resolved

Now include effect of collinear radiation and terms beyond NLL accuracy

6

[Bizon, Monni, Re, LR, Torrielli ’17]

v = pt /M
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e−R(ϵkt1)

Unresolved

Resolved

Now include effect of collinear radiation and terms beyond NLL accuracy

Sudakov radiator

6

[Bizon, Monni, Re, LR, Torrielli ’17]

v = pt /M



Rencontres de Blois 2021, 19th October 2021 

Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

All-order formula in Mellin space

H(μR)

Unresolved

Resolved

Now include effect of collinear radiation and terms beyond NLL accuracy

Hard-virtual coefficient

6

[Bizon, Monni, Re, LR, Torrielli ’17]

v = pt /M

hard-momentum region 
of the virtual corrections 
to the Born process
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

All-order formula in Mellin space

Cc1;T
N1

(αs(μ0)) Cc2
N2

(αs(μ0))

∫
μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt))

Γ(C)
Nℓ1

(αs(kt1))

Γ(C)
Nℓi

(αs(kti))

Unresolved

Resolved

Now include effect of collinear radiation and terms beyond NLL accuracy

Collinear coefficient functions 
and their RGE 

dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

6

[Bizon, Monni, Re, LR, Torrielli ’17]

v = pt /M

Final state parton momenta ~ 
collinear to the momentum of 
the initial-state partons
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

All-order formula in Mellin space

∫
μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt))

αs(kt1)
π

ΓNℓ1
(αs(kt1))

αs(kti)
π

ΓNℓi
(αs(kti))

Unresolved

Resolved

DGLAP evolution

dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

6

Now include effect of collinear radiation and terms beyond NLL accuracy

[Bizon, Monni, Re, LR, Torrielli ’17]

v = pt /M
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Inclusion of N3LL  effects in RadISH′ 

Capture all constant terms of relative order 𝒪(α3
s )

•  is N4LL (since ) but sufficient to get all  in the cumulant 

• Allows for the computation of N3LO cross section for H, DY production based on -slicing methods

α3
s αn

s Ln−3 αn
s L2n−6

pt
[Billis et al. ‘21][Cieri et al. ‘21] [Chen et al. ’21]

[Re, LR, Torrielli ’21]

Tongzhi’s talk
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

H(αs) = 1 + ( αs

2π ) H1 + ( αs

2π )
2

H2 + ( αs

2π )
3

H3

Three-loop hard-virtual coefficient H(μR)

Sources of N3LL  correction, neglected in previous RadISH implementation′ 

Inclusion of N3LL  effects in RadISH′ 

( αs

2π )
3

H3

… + + …

2

7

[Gehrmann et al. ’10]

[Schroder, Steinhauser ’05]

Three-loop Wilson coefficient for Higgs EFT

[Re, LR, Torrielli ’21]



Rencontres de Blois 2021, 19th October 2021 

Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

Three-loop coefficient functions

Inclusion of N3LL  effects in RadISH′ 

Cc1;T
N1

(αs(μ0)) Cc2
N2

(αs(μ0))

C(αs, z) = δ(1 − z) + ( αs

2π ) C1(z) + ( αs

2π )
2

C2(z) + ( αs

2π )
3

C3(z)( αs

2π )
3

C3(z)

For Higgs production: two-loop G coefficient functions

G(αs, z) = ( αs

2π ) G1(z) + ( αs

2π )
2

G2(z)( αs

2π )
2

G2(z)

7

Sources of N3LL  correction, neglected in previous RadISH implementation′ 

[Li, Zhu ’16][Vladimirov ’16][Luo et al. ’19][Ebert et al. ’20]

[Luo et al. ’19]

[Catani, Grazzini ’11]

[Re, LR, Torrielli ’21]
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

Inclusion of N3LL  effects in RadISH′ 

e−R(ϵkt1)Constants terms coming from the Sudakov

R(kt1) = − log
M
kt1

g1 − g2 − ( αs

π ) g3 − ( αs

π )
2

g4 − ( αs

π )
3

g5( αs

π )
3

g5

ln
M
kt1

→ ln
Q
kt1

+ ln
M
Q

Constant terms expanded in  and included in αs H

Resummation scale Q ∼ M

7

Sources of N3LL  correction, neglected in previous RadISH implementation′ 

[Re, LR, Torrielli ’21]
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

Inclusion of N3LL  effects in RadISH′ 

Γ(C)
Nℓi

(αs(kti))
αs(kti)

π
ΓNℓi

(αs(kti))

Constants terms coming from resolved contributions

Γ(αs) = Γ(0) + ( αs

2π ) Γ(1)

Γ(C)(αs) = ( αs

2π )
2

Γ(C,1)( αs

2π )
2

Γ(C,1)

( αs

2π ) Γ(1)

7

Sources of N3LL  correction, neglected in previous RadISH implementation′ 

[Re, LR, Torrielli ’21]
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dΣ(v)
dΦB

= ∫
dkt1

kt1

dϕ1

2π
∂L (−e−R(kt1)ℒN3LL(kt1))∫ d𝒵Θ (v − V({p̃}, k1, …, kn+1))

+∫
dkt1

kt1

dϕ1

2π
e−R(kt1) ∫ d𝒵∫

1

0

dζs

ζs

dϕs

2π {(R′ (kt1)ℒNNLL(kt1) − ∂LℒNNLL(kt1))
× (R′ ′ (kt1)ln

1
ζs

+
1
2

R′ ′ ′ (kt1)ln2 1
ζs ) − R′ (kt1)(∂LℒNNLL(kt1) − 2

β0

π
α2

s (kt1) ̂P(0) ⊗ ℒNLL(kt1)ln
1
ζs )

+
1
2 ∫

dkt1

kt1

dϕ1

2π
e−R(kt1) ∫ d𝒵∫

1

0

dζs1

ζs1

dϕs1

2π ∫
1

0

dζs2

ζs2

dϕs2

2π
R′ (kt1){ℒNLL(kt1)(R′ ′ (kt1))2 ln

1
ζs1

ln
1

ζs2
− ∂LℒNLL(kt1)R′ ′ (kt1)(ln

1
ζs1

+ ln
1

ζs2 )
+

α2
s (kt1)
π2

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1)}
× {Θ (v − V({p̃}, k1, …, kn+1, ks1, ks2)) − Θ (v − V({p̃}, k1, …, kn+1, ks1))−

Θ (v − V({p̃}, k1, …, kn+1, ks2)) + Θ (v − V({p̃}, k1, …, kn+1))} + 𝒪 (αn
s ln2n−6 1

v ) .

Momentum-space formula at N3LL

× {Θ (v − V({p̃}, k1, …, kn+1, ks)) − Θ (v − V({p̃}, k1, …, kn+1))}

+
α2

s (kt1)
π2

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1)}
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dΣ(v)
dΦB

= ∫
dkt1

kt1

dϕ1

2π
∂L (−e−R(kt1)ℒN3LL′ (kt1))∫ d𝒵Θ (v − V({p̃}, k1, …, kn+1))

+∫
dkt1

kt1

dϕ1

2π
e−R(kt1) ∫ d𝒵∫

1

0

dζs

ζs

dϕs

2π {(R′ (kt1)ℒNNLL(kt1) − ∂LℒNNLL(kt1))

+
α2

s (kt1)
π2

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL′ (kt1) − β0
α3

s (kt1)
π2 ( ̂P(0) ⊗ Ĉ(1) + Ĉ(1) ⊗ ̂P(0)) ⊗ ℒNLL(k(t1) +

α3
s (kt1)
π2

2β0 ln
1
ζs

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(k(t1)

+
1
2 ∫

dkt1

kt1

dϕ1

2π
e−R(kt1) ∫ d𝒵∫

1

0

dζs1

ζs1

dϕs1

2π ∫
1

0

dζs2

ζs2

dϕs2

2π
R′ (kt1){ℒNLL(kt1)(R′ ′ (kt1))2 ln

1
ζs1

ln
1

ζs2
− ∂LℒNLL(kt1)R′ ′ (kt1)(ln

1
ζs1

+ ln
1

ζs2 )
+

α2
s (kt1)
π2

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1) +
α2

s (kt1)
π2 (ln

1
ζs1

+ ln
1

ζs2 ) R′ ′ (kt1) ̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(k(t1) − ln
1

ζs1
ln

1
ζs2

(R′ ′ (kt1)2∂LℒNLL(k(t1)

+
α2

s (kt1)
π3

̂P(0) ⊗ ̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1)} × {Θ (v − V({p̃}, k1, …, kn+1, ks1, ks2)) − Θ (v − V({p̃}, k1, …, kn+1, ks1))−

Θ (v − V({p̃}, k1, …, kn+1, ks2)) + Θ (v − V({p̃}, k1, …, kn+1))} + 𝒪 (αn
s ln2n−7 1

v )

Momentum-space formula at N3LL  ′ 

+
α3

s (kt1)
2π2 ( ̂P(0) ⊗ ̂P(1) + ̂P(1) ⊗ ̂P(0)) ⊗ ℒNLL(k(t1)} × {Θ (v − V({p̃}, k1, …, kn+1, ks)) − Θ (v − V({p̃}, k1, …, kn+1))}

ℒN3LL′ (kt1)

−β0
α3

s (kt1)
π2 ( ̂P(0) ⊗ Ĉ(1) + Ĉ(1) ⊗ ̂P(0)) ⊗ ℒNLL(k(t1) +

α3
s (kt1)
π2

2β0 ln
1
ζs

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(k(t1)

+
α3

s (kt1)
2π2 ( ̂P(0) ⊗ ̂P(1) + ̂P(1) ⊗ ̂P(0)) ⊗ ℒNLL(k(t1)

α2
s (kt1)
π2 (ln

1
ζs1

+ ln
1

ζs2 ) R′ ′ (kt1) ̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(k(t1) − ln
1

ζs1
ln

1
ζs2

(R′ ′ (kt1)2∂LℒNLL(k(t1)

+
α2

s (kt1)
π3

̂P(0) ⊗ ̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1)

Luminosity factors now contains  and H3 C3

New structures 
appearing at α3

s

9

𝒪 (αn
s ln2n−7 1

v ) Extra column of 
logs predicted 

Convolution 
structure 
obtained after 
Mellin inversion

ℒNLL′ (kt1)

× (R′ ′ (kt1)ln
1
ζs

+
1
2

R′ ′ ′ (kt1)ln2 1
ζs ) − R′ (kt1)(∂LℒNNLL(kt1) − 2

β0

π
α2

s (kt1) ̂P(0) ⊗ ℒNLL(kt1)ln
1
ζs )
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Inclusion of transverse recoil effects

e−

e+

Born matrix element 
evaluated at pt = 0

[Catani et al. ’15]
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Inclusion of transverse recoil effects

e−

e+

Generate singlet  by 
QCD radiation

pt

10

[Catani et al. ’15]
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Inclusion of transverse recoil effects

e−

e+

Generate singlet  by 
QCD radiation

pt

10

[Catani et al. ’15]



Rencontres de Blois 2021, 19th October 2021 

Inclusion of transverse recoil effects

e−

e+pt

Generate singlet  by 
QCD radiation

pt

10

[Catani et al. ’15]



Rencontres de Blois 2021, 19th October 2021 

Inclusion of transverse recoil effects

e−

e+

pt

pt boost Born kinematics from boson rest frame 
(e.g. CS) to lab frame with that pt

10

[Catani et al. ’15]
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Inclusion of transverse recoil effects

e−

e+

pt

pt

apply fiducial cuts on boosted Born kinematics 

10

[Catani et al. ’15]
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Inclusion of transverse recoil effects

e−

e+

pt

pt

Sufficient to capture the full linear fiducial power correction for pt

apply fiducial cuts on boosted Born kinematics 

[Catani et al. ’15]

[Ebert et al. ’20]

10



Rencontres de Blois 2021, 19th October 2021 

Inclusion of transverse recoil effects

e−

e+

pt

pt

Implementation in RadISH:  

• Each contribution in the resummation formula boosted in the corresponding frame 

• Derivative of the expansion computed on-the-fly, boost computed according to the value of pt

apply fiducial cuts on boosted Born kinematics 

[Catani et al. ’15]

10
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Results
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Matching to fixed order

Two different families of matching schemes, defined at the differential level (due to the inclusion of recoil effects)

dΣNkLL(′ )

add (v)
dv

=
dΣNkLL(′ )(v)

dv
−

dΣNkLL(′ )

exp (v)
dv

Z(v) +
dΣNk−1LO(v)

dv

dΣNkLL(′ )

mult (v)
dv

= ( dΣNkLL(′ )(v)/dv
dΣNkLL(′ )

exp (v)/dv )
Z(v)

dΣNk−1LO(v)
dv

Z(v) = [1 − (v/v0)2]
3

Θ(v0 − v)

Additive matching

Multiplicative matching

At NNLO+N3LL  the two matching schemes are on equal footing, differences starts at ′ α4
s

Damping function (does not act on linear power corrections)

 varied in the interval [2/3, 3/2] around central value to estimate matching uncertainty 

Central value  for  and  for 

v0

v0 = 1 p⊥ v0 = 1/2 ϕ*η
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Drell-Yan production: setup

pℓ±

t > 27 GeV , |ηℓ±
| < 2.5 , 66 GeV < mℓℓ < 116 GeV

Drell-Yan fiducial region defined as

μR = κR Mt μF = κF Mt, Q = κQ Mℓℓ Mt = M2
ℓℓ + pℓℓ

t
2

Central scales chosen as 

In resummed predictions Mt → Mℓℓ = Mt + 𝒪 ( pℓℓ
t

Mℓℓ )
2

NNPDF31 NNLO parton densities with . NNLO predictions from NNLOJETαs = 0.118

Scale uncertainty: 

[canonical 7 scale variation + variation of  by a factor of 2 for central , ]  3 values of     27 variationsκQ μR μF × v0 →

[ATLAS 2019]
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Transverse recoil effects in fiducial DY setup
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Recoil effectively captures the full linear fiducial power correction for pt

Symmetric cuts on the dileptons induce linear power corrections in the fiducial spectrum
[Salam, Slade ’21]Can be avoided by suitable choice of cuts 
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Transverse recoil effects in fiducial DY setup

10°5

10°4

10°3

10°2

10°1

100

101

102

d
æ

/
d

p
`
`

t
[f
b
/
G

e
V

]

NNPDF3.1 (NNLO)

13 TeV, pp ! Z/∞§(! `+`°) + X

ATLAS fiducial

uncertainties with µR, µF, Q variations

N3LL0+NNLO, w/ recoil

N3LL0+NNLO, w/o recoil

0 10 20 30 50 100 200 500 1000
p``

t
[GeV]

0.90

0.95

1.00

1.05

1.10

R
a
t
io

t
o

N
3
L
L

0 +
N

N
L
O

w
/

r
e
c
o
il0

5

10

15

20

25

30

35

40

d
æ

/
d

p
`
`

t
[f
b
/
G

e
V

]

NNPDF3.1 (NNLO)

13 TeV, pp ! Z/∞§(! `+`°) + X

ATLAS fiducial

uncertainties with µR, µF, Q variations

N3LL0, w/ recoil

N3LL0, w/o recoil

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
p``

t
[GeV]

0.8

0.9

1.0

1.1

1.2

R
a
t
io

t
o

N
3
L
L

0
w

/
r
e
c
o
il

At the pure resummed level recoil prescription captures whole linear power corrections from fiducial cuts

Effect reduce at 1-2% level after matching to fixed order (effect becomes )𝒪(α4
s )

Pure resummed: band widening due to power corrections due to modified logs 

ln(Q/kt1) → 1/p ln(1 + (Q/kt1)p)

∫
M

0

dkt1

kt1
→ ∫

∞

0

dkt1

kt1

(Q/kt1)p

1 + (Q/kt1)p
14



Rencontres de Blois 2021, 19th October 2021 15

Drell-Yan production: N3LL  effects′ 
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κR = κF = 1, κQ = 1/2Reduction in theoretical uncertainty below 10 GeV

Modification at the 5-10% level below 10 GeV (similar effect, but larger, present at NNLL vs NNLL’)

Minor differences with respect to N3LL for value of  larger than 5 GeVpt
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Drell-Yan production: comparison with ATLAS data
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N3LL’+NNLO improves the description of data w.r.t. N3LL+NNLO
Theoretical uncertainties at the few percent level across the whole range
High statistic runs needed for the description of  in the singular region (fixed-order component set to 0)ϕ*η
Marginal effect of recoil after matching (1-2% effect)
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Higgs production: setup

min(pγ1
t , pγ2

t ) > 31.25 GeV , max(pγ1
t , pγ2

t ) > 43.75 GeV

Higgs fiducial region defined as

μR = κR MH μF = κF MH, Q = κQ MH

Central scales chosen as 

PDF4LHC15 NNLO parton densities. NNLO predictions from NNLOJET

Scale uncertainty: 

[canonical 7 scale variation + variation of  by a factor of 2 for central , ]  3 values of     27 variationsκQ μR μF × v0 →

0 < |ηγ1,2 | < 1.37 or 1.52 < |ηγ1,2 | < 2.37 , |Yγγ | < 2.37

[ATLAS 2018]
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Higgs production: N3LL  effects′ 
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κR = κF = κQ = 1/2Significant reduction in theoretical uncertainty below 15 GeV, especially below 5 GeV

Central value almost unchanged between N3LL and N3LL’

Reduction in scale uncertainty limited at matched level (statistical fluctuations of the fixed order at small )pt
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Higgs production: comparison with ATLAS data
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Recapitulation and outlook

• Results for singlet  (H/DY production) and  (DY) at N3LL’+NNLO accuracy by including all constant terms of 

relative order  in the RadISH formalism 

• Precise theoretical prediction in the fiducial region for  and  

• Reduction of theoretical uncertainty at N3LL’. Improved description of DY data 

• Resummation uncertainty at the few percent level (DY), 5-10% level (Higgs) 

• RadISH now includes recoil effects which improve the description of decay kinematics in the fiducial region. 
Marginal effect of recoil in matched results

pt ϕ*η
α3

s

Z/γ* → ℓ+ℓ− H → γγ
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Backup
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Ambiguity in the definition of primed accuracy

ℒNNLL(kt1) = ∑
c,c′ 

d |ℳB |2
cc′ 

dΦB ∑
i,j

∫
1

x1

dz1

z1 ∫
1

x2

dz2

z2
fi(kt1,

x1

z1
) fj(kt1,

x2

z2
)

× {δci δc′ j δ(1 − z1) δ(1 − z2)(1 +
αs(μR)

2π
H(1)(μR))

+
αs(μR)/(2π)

1 − 2αs(μR)β0 ln(μR/kt1) (C(1)
ci (z1)δ(1 − z2)δc′ j + {z1, c, i ↔ z2, c′ , j})}

Scale at which the  term is evaluated is subleading at NkLL’ accuracy αk
s

One can evaluate this contribution with   difference reflects ambiguity of these subleading effectsαs(μR) →

NLL’ with running: ℒNLL′ 
= ℒNNLL

NLL’ without running:  with  in the  component (analogously at higher orders)ℒNLL′ 
= ℒNNLL αs(μR) C1

Our default choice

9
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Ambiguity in the definition of primed accuracy
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NNLL’ with and without running closer to N3LL than NNLL is
NNLL’ with running band in better agreement to N3LL: N3LL contained within NNLL’ with running uncertainty

Band for NNLL’ with running covers difference between two NNLL’  reliable estimate of prime ambiguity→
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Matching systematics
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Very mild matching scheme dependence both for central results and uncertainties 

Additive matching uncertainty band reliably estimate matching ambiguities 

15
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Direct space formulation: generality

σ(pJ
⊥) = σ0eLg1(αsβ0L)+g2(αsβ0L)σ(pH

⊥ ) = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥e−RNLL(L)

NLL result for pJ
⊥NLL result for pH

⊥

vs.



Rencontres de Blois 2021, 19th October 2021 6

Direct space formulation: generality

σ(v) = σ0 ∫
dkt,1

kt,1 ∫
2π

0

dϕ1

2π
e−R(kt,1)R′ (kt,1) d𝒵Θ (v − V(k1, …, kn+1))

General formula for a generic transverse observable at NLL 

d𝒵 = ϵR′ (kt,1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζikt,1)

[Bizon, Monni, Re, LR, Torrielli ’17]

R′ NLL(kt) = 4 ( αCMW
s (kt)

π
CA ln

mH

kt
− αs(kt)β0)

CMW scheme

αCMW
s

L = ln(kt,1/M)

RNLL(L) = − Lg1(αsβ0L) − g2(αsβ0L)

σ(pJ
⊥) = σ0eLg1(αsβ0L)+g2(αsβ0L)σ(pH

⊥ ) = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥e−RNLL(L)

NLL result for pJ
⊥NLL result for pH

⊥
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Direct space formulation: generality

General formula for a generic transverse observable at NLL 

d𝒵 = ϵR′ (kt,1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζikt,1)

[Bizon, Monni, Re, LR, Torrielli ’17]

R′ NLL(kt) = 4 ( αCMW
s (kt)

π
CA ln

mH

kt
− αs(kt)β0)

CMW scheme

αCMW
s

L = ln(kt,1/M)

RNLL(L) = − Lg1(αsβ0L) − g2(αsβ0L)

σ(pJ
⊥) = σ0eLg1(αsβ0L)+g2(αsβ0L)σ(pH

⊥ ) = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥e−RNLL(L)

NLL result for pJ
⊥NLL result for pH

⊥

Θ (pH
T − | ⃗k t,1 + ⋯ ⃗k t,n+1 |)σ(pH

⊥ ) = σ0 ∫
dkt,1

kt,1 ∫
2π

0

dϕ1

2π
e−R(kt,1)R′ (kt,1) d𝒵
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Direct space formulation: generality

General formula for a generic transverse observable at NLL 

d𝒵 = ϵR′ (kt,1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζikt,1)

[Bizon, Monni, Re, LR, Torrielli ’17]

R′ NLL(kt) = 4 ( αCMW
s (kt)

π
CA ln

mH

kt
− αs(kt)β0)

CMW scheme

αCMW
s

L = ln(kt,1/M)

RNLL(L) = − Lg1(αsβ0L) − g2(αsβ0L)

σ(pJ
⊥) = σ0eLg1(αsβ0L)+g2(αsβ0L)σ(pH

⊥ ) = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥e−RNLL(L)

NLL result for pJ
⊥NLL result for pH

⊥

σ(pJ
⊥) = σ0 ∫

dkt,1

kt,1 ∫
2π

0

dϕ1

2π
e−R(kt,1)R′ (kt,1) d𝒵Θ (pJ

T − max{kt,1, …kt,n+1})
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Direct space formulation: generality

[Monni, Re, LR, Torrielli ’19]

σ(pJ
⊥) = σ0eLg1(αsβ0L)+g2(αsβ0L)σ(pH

⊥ ) = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥e−RNLL(L)

NLL result for pJ
⊥NLL result for pH

⊥

σ(pH
⊥ , pJ

⊥) = σ0 ∫
dkt,1

kt,1 ∫
2π

0

dϕ1

2π
e−R(kt,1)R′ (kt,1) d𝒵 Θ (pJ

T − max{kt,1, …kt,n+1})Θ (pH
T − | ⃗k t,1 + ⋯ ⃗k t,n+1 |)

differential control in momentum space provides guidance to double-differential resummation


