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QCD beyond fixed order
Perturbative QCD at fixed order

σ̃ = 1 + αsσ̃1 + α2
s σ̃2 + α3

s σ̃3 + …
LO NLO NNLO N3LO

NLO now standard and largely automated 

NNLO available for an increasing number of processes 

N3LO Higgs production in gluon fusion and VBF (hadron-collider processes)

QCD beyond fixed order
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QCD beyond fixed order
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Perturbative QCD at fixed order

σ̃ = 1 + αsσ̃1 + α2
s σ̃2 + α3

s σ̃3 + …
LO NLO NNLO N3LO

Assumption: perturbative coefficients     are well behavedσ̃n

NLO now standard and largely automated 

NNLO available for an increasing number of processes 

N3LO Higgs production in gluon fusion and VBF

Many observables studied at the LHC depend on more than one scale; single or 
double logs of the ratio of those scales at all orders in perturbation theory 

(renormalon ambiguity)

(αs ln R)n (αs ln2 R)n

If the logarithms are large the convergence of the series is spoiled

(hadron-collider processes)
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QCD beyond fixed order
Perturbative QCD at fixed order

σ̃ = 1 + αsσ̃1 + α2
s σ̃2 + α3

s σ̃3 + …
LO NLO NNLO N3LO

Assumption: perturbative coefficients     are well behavedσ̃n

NLO now standard and largely automated 

NNLO available for an increasing number of processes 

N3LO Higgs production in gluon fusion and VBF

Many observables studied at the LHC depend on more than one scale; single or 
double logs of the ratio of those scales at all orders in perturbation theory 

(renormalon ambiguity)

(αs ln R)n (αs ln2 R)n

If the logarithms are large the convergence of the series is spoiled

(hadron-collider processes)
Fixed order predictions no longer reliable: 

all order resummation of the perturbative series mandatory
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Resum what?

3

pt

dΣ
dpt

Example: transverse momentum distribution in Higgs production
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Resum what?

3

pt

dΣ
dpt

Small     region pt ≪ mh

L = ln(pt /mh)

pt

Example: transverse momentum distribution in Higgs production

Transverse momentum logs
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Resum what?

3

pt

dΣ
dpt

Intermediate mb ≲ pt ≲ mt

L = ln(mb/mh)

pt

Example: transverse momentum distribution in Higgs production

Stefano’s talk

Bottom logs

https://indico.cern.ch/event/662485/contributions/3050118/attachments/1707189/2751421/dresden18.pdf
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Resum what?

3

pt

dΣ
dpt Large pt ≳ mhpt

Example: transverse momentum distribution in Higgs production

L = ln(1 − (pT + mT)2/ ̂s)

Treshold logs
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Resum what?

3

pt

dΣ
dpt

Large s ≫ m2
hs

Example: transverse momentum distribution in Higgs production

L = ln m2
h /s

High-energy logs
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It’s not a bug, it’s a feature

σ̃1(v) ∼ ∫
dθ
θ

dE
E

Θ (v − Eθ/Q) − ∫
dθ
θ

dE
E

∼ − ∫
dE
E

dθ
θ

Θ(Eθ/Q − v) ∼ −
1
2

ln2 v

Real emission diagrams singular for soft/collinear emission. Singularities are 
cancelled by virtual counterparts for IRC safe observables

Double logarithms leftovers of the real-virtual cancellation of IRC divergences 

Sudakov 
logarithms

          observable can 
become negative even in 
the perturbative regime 

Consider processes where real radiation is constrained in a corner of the phase space, 
(exclusive boundary of the phase space, restrictive cuts)

4

Single logarithms appear also when exchanged gluon is soft (no 
collinear contribution). High-energy resummation of 

Large phase space for emission of a cascade of partons with a very 
large fraction of the parent parton’s longitudinal momentum

αs ln m2/s

v → 0

θ

NB double logs in ggH in the heavy-top approximation
[Catani, Ciafaloni, Hautmann ’90,’91,’04]

2. R����������(�) 65
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Figure 2.2: Representative ladder diagram for DIS process in the gluon channel (le�) and schematic
representation in kt factorization of the two-gluon reducible contribution in the high-energy limit (right).

In this kinematic regime, logarithms of 1/x associated with the emission of so� partons down

the ladder become increasingly large and must be resummed to all orders.

�ough this analysis is rather qualitative, it can indeed be proven [193–197] that the dominant

contribution (which gives rise to small-x enhanced terms) in the high-energy regime comes from

diagrams which are at least two-gluon reducible in the t-channel. In this regime, predictions for

the structure functions are made using the so-called kt factorization (see e.g. [198, 199]),

F (x ,Q2
) =

’
j

æ
dk2t

æ
dz

z
Cj

✓
x

z
,
k2t
Q2 ,�s

◆
Fj (z,k

2
t ), (2.68)

where F is an unintegrated distribution function, which encodes all-order gluon emission, and C

is an o�-shell partonic cross section, which describes the cross section in the t-channel for the

process of interest, computed with o�-shell partons. Since in the high-energy limit the dominant

contribution is given by gluons, we will drop the summation over the index j and we shall consider

only the gluon unintegrated distribution G in the following discussion.

�e kt -factorization formula eq. (2.68) generalizes the collinear factorization formula of

eq. (1.47) to the regime s � Q2
� Q2

0 , regardless of the size of the transverse momentum

k2t , which is allowed to take all the values in the k2t integral. On the contrary, the validity

of collinear factorization is restricted to the region Q2
⇠ s , where the integration over kt is

important only in the region k2t ⌧ Q2.

�e kt -factorization formula eq. (2.68) is diagonalized by a double Mellin transform,

F (N ,M) =

æ 1

0
dx xN�1

æ
1

0

dQ2

Q2

✓
Q2

µ2

◆�M

F (x ,Q2
), (2.69)
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Making pQCD great again: all-order resummation

5

Two propagators nearly on shell, 4 divergences. Diagrams can potentially give α2
s ln4 v

All order structure

σ̃(v) =
∞

∑
n=0

αn
s

2n

∑
m=1

cnmLm + …

Origin of the logs is simple. Resum them to all orders by reorganizing the series

σ̃(v) = f1(αsL2) +
1
L

f2(αsL2) + …

L = ln(v)

Soft-collinear emission of two gluons 

Leading logarithmic (LL) resummation of the perturbative series

L ∼ 1/ αsAccurate for 
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“It's the sum that makes the total”*

*È la somma che fa il totale

All-order resummation
σ̃(v) = f1(αsL2) +

1
L

f2(αsL2) + …
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All-order resummation: exponentiation
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Independent emissions              (plus corresponding virtual contributions) in the soft 
and collinear limit (eikonal approximation)

dΦn |ℳ(k1, …kn) |2 →
1
n!

αn
s

n

∏
i=1

dEi

Ei

dθi

θi

k1, …kn

Calculate observable with arbitrary number of emissions: exponentiation

σ̃ ≃
∞

∑
n=0

1
n!

αn
s

n

∏
i=1

∫
dEi

Ei

dθi

θi
Θ(Eiθi /Q − v) ≃ e−αsL2 Sudakov suppression

Price for constraining 
real radiation

σ̃(v) = exp [∑
n

(𝒪(αn
s Ln+1) + 𝒪(αn

s Ln) + 𝒪(αn
s Ln−1) + …)]

LL NLL NNLL

Exponentiated form allows for a more powerful reorganization

Region of applicability now valid up to              , successive terms suppressed byL ∼ 1/αs αs

Exponentiation not always possible, e.g. Jade Jet Resolution                        or jet 
mass pruning (convolution of two exponentials)

[Brown, Stirling ’90]

[Sudakov ’54]

[Dasgupta, Marzani, Salam ’13]
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All-order resummation: (re)-factorization
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Phase-space constraints do not usually factorize in direct space

δ(2) ( ⃗p t −
n

∑
i=1

⃗k t,i) = ∫ d2b
1

4π2
ei ⃗b ⋅ ⃗p t

n

∏
i=1

e−i ⃗b ⋅ ⃗k t,i

Solution: move to conjugate space where phase space factorization is manifest

e.g.    resummationpt

Exponentiation in conjugate space; inverse transform to move back to direct space

• Catani, Trentadue, Mangano, Marchesini, 
Webber, Nason, Dokshitzer… 

• Collins, Soper, Sterman, Laenen, 
    Magnea… 

• Manohar, Bauer, Stewart, Becher, 
Neubert….

[Parisi, Petronzio ’79; Collins, Soper, Sterman ’85]

Extremely successful approach

Emphasis on properties of QCD 
matrix elements and QCD radiation

Factorization properties in the singular 
region and associated RGE  
(factorization     evolution     resummation)

⏞

→ →

σ̃(v) ∼ ∫
n

∏
i

[dki]ℳ(k1, …, kn)ΘPS(v − V(k1, …kn))

+ many others!

SC
ET

di
re

ct
 Q

C
D

SCET vs. dQCD not an issue [Sterman et al. ’13, ’14][Bonvini, Forte, Ghezzi, Ridolfi, LR ’12, ’13, ’14] 
[Becher, Neubert et al. ’08, ’11, 14] 

two-dimensional momentum conservation
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All-order resummation: (re)-factorization

Limitation: it is process-dependent, and must be performed manually and 
analytically for each observable (error prone)

Phase-space constraints do not usually factorize in direct space

δ(2) ( ⃗p t −
n

∑
i=1

⃗k t,i) = ∫ d2b
1

4π2
ei ⃗b ⋅ ⃗p t

n

∏
i=1

e−i ⃗b ⋅ ⃗k t,i

Solution: move to conjugate space where phase space factorization is manifest

e.g.    resummationpt

Exponentiation in conjugate space; inverse transform to move back to direct space

[Parisi, Petronzio ’79; Collins, Soper, Sterman ’85]

Extremely successful approach

σ̃(v) ∼ ∫
n

∏
i

[dki]ℳ(k1, …, kn)ΘPS(v − V(k1, …kn))

two-dimensional momentum conservation
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Phase-space constraints do not usually factorize in direct space
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Extremely successful approach

σ̃(v) ∼ ∫
n

∏
i

[dki]ℳ(k1, …, kn)ΘPS(v − V(k1, …kn))

two-dimensional momentum conservation

8

All-order resummation: (re)-factorization

Is it possible to achieve 
resummation without the 

need to establish factorization 
properties on a case-by-case 

basis?

Limitation: it is process-dependent, and must be performed manually and 
analytically for each observable (error prone)
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All-order resummation: (re)-factorization

Yes
Limitation: it is process-dependent, and must be performed manually and 

analytically for each observable (error prone)

Phase-space constraints do not usually factorize in direct space

δ(2) ( ⃗p t −
n

∑
i=1

⃗k t,i) = ∫ d2b
1

4π2
ei ⃗b ⋅ ⃗p t

n

∏
i=1

e−i ⃗b ⋅ ⃗k t,i

Solution: move to conjugate space where phase space factorization is manifest

e.g.    resummationpt

Exponentiation in conjugate space; inverse transform to move back to direct space

[Parisi, Petronzio ’78; Collins, Soper, Sterman ’85]

Extremely successful approach

σ̃(v) ∼ ∫
n

∏
i

[dki]ℳ(k1, …, kn)ΘPS(v − V(k1, …kn))

two-dimensional momentum conservation

Is it possible to achieve 
resummation without the 

need to establish factorization 
properties on a case-by-case 

basis?
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CAESAR/ARES approach: towards automated resummation

9

[Banfi, Salam, Zanderighi ’01, ‘03, ’04]

Translate the resummability of the observable into properties of the observable in the 
presence of multiple radiation: recursive infrared and collinear (rIRC) safety 

Existence of a resolution scale q0, independent of the observable, such that emissions 
below q0 (unresolved) do not contribute significantly to the observable’s value. 

Method entirely formulated in direct space

σ̃(v) ∼ ∫ d[k1]e−R(q0V(k1))

× (
∞

∑
m=0

1
m! ∫

m+1

∏
i=2

[dki] |ℳ(ki) |2 Θ(V(ki) − q0V(k1))Θ (v − V(k1, …, km+1)))
Resolved emission treated exclusively with Monte Carlo methods

Unresolved emission can be treated as totally uncorrelated  
       exponentiation→

• Generic structure of rIRC safe observables known at NNLL 

• Event shapes at hadron colliders 

• Observables with azimuthal cancellation (e.g.    ) 

• rIRC safe jet observables at NNLL

[Banfi, Monni, McAslan, 
Zanderighi ’14, 16]

pt [(Bizon), Monni, Re, (LR), Torrielli  ’16, ’17]

[Banfi, El-Menoufi, Monni, ’18]

[Banfi, Salam, Zanderighi ’10]
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Some recent results
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Resummation ca. 2018



QCD@LHC2018, Dresden, 31 August 2018

Disclaimer & apology

a biased selection of topics
personal

not a comprehensive review or set of references

Resummation ca. 2018
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Resummation for transverse observables
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If the scale for NP ΛNP is a few TeV, rough estimate of deviations from the SM 
behaviour gives δ ∼ Q2/Λ2

NP

Besides implications for indirect constraints on BSM physics, important implications 
for extraction of SM parameters (strong coupling and PDF determination, W mass…)

This level of precision is within reach at the (HL)-LHC 
(e.g. astonishing precision in Z transverse observables)

Very accurate theoretical predictions needed for 
transverse distributions
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Figure 6: The Born-level distributions of (1/�) d�/dp``T for the combination of the electron-pair and muon-pair
channels, shown in six m`` regions for |y`` | < 2.4. The central panel of each plot shows the ratios of the values from
the individual channels to the combined values, where the error bars on the individual-channel measurements rep-
resent the total uncertainty uncorrelated between bins. The light-blue band represents the data statistical uncertainty
on the combined value and the dark-blue band represents the total uncertainty (statistical and systematic). The �2

per degree of freedom is given. The lower panel of each plot shows the pull, defined as the di↵erence between the
electron-pair and muon-pair values divided by the uncertainty on that di↵erence.

19

±1%

Fixed-order predictions now available at NNLO (in the EFT for Higgs production)
[Boughezal et al. ’15][Caola et al. ’15][Chen et al. ’16]

All ingredients to perform resummation at N3LL accuracy are now available
[Catani et al. ’11, ’12][Gehrmann et al. ’14][Li, Zhu ’16][Moch et al. ’18]

Bulk: Q2~0.1 TeV       δ~1-5%→

Resummation for transverse observables at the LHC
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Drell-Yan transverse observables at N3LL+NNLO Wojtek’s talk

• Good description of the data in all fiducial regions 

• Perturbative uncertainty at the few percent level, 
still does not match the precision of the data 0.00
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Comparison with ATLAS data @ 8 TeV [1512.02192]

Momentum-space resummation approach

deviations from acoplanarity
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pt

2M

ϕ* = tan ( π − Δϕ
2 ) sin θ*

Approach can be used for resumming other transverse obs. e.g 

• Similar situation as pt, with perturbative 
uncertainty at the few percent level but with 
experimental errors at the sub-percent level 

• Estimate of non-perturbative effects and of quark 
mass effects may start to be relevant

[Bizon, Monni, Re, LR, Torrielli + NNLOJET ’18]
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Goutam’s talk 

https://indico.cern.ch/event/662485/contributions/3067619/attachments/1705965/2748824/wbizon-dresden.pdf
https://indico.cern.ch/event/662485/contributions/3067622/attachments/1707503/2751711/GD_qcdatlhc.pdf
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Drell-Yan transverse observables at N3LL+NNLO

Important to quantify QED effects at this level 
of precision

Wojtek’s talk

• Good description of the data in all fiducial regions 

• Perturbative uncertainty at the few percent level, 
still does not match the precision of the data 0.00
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Momentum-space resummation approach

deviations from acoplanarity
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Approach can be used for resumming other transverse obs. e.g 

• Similar situation as pt, with perturbative 
uncertainty at the few percent level but with 
experimental errors at the sub-percent level 

• Estimate of non-perturbative effects and of quark 
mass effects may start to be relevant
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[Bizon, Monni, Re, LR, Torrielli + NNLOJET ’18]
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Combined QCD+QED transverse momentum resummation
[Cieri, Ferrera, Sborlini ’18]
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Figure 2: The qT spectrum of Z boson at the LHC (
√
s = 8 TeV). Left panel: NNLL+NNLO QCD

results are combined with the LL (red dashed) and NLL+NLO (blue solid) QED effects together
with the corresponding QED uncertainty bands. The bands are obtained as in Fig. 1.

section to higher values of qT . This physical effect to the qT distribution is expected and it is
due to the contribution to the Z recoil generated by soft and collinear photon emissions to all
orders in QED. The NLL+NLO QED effects at central value of the scales µ′R = 2Q′ = mZ are
of O(0.5%) level and they are positive for the entire qT region considered (qT ∼< 40 GeV). Thanks
to the perturbative unitarity of the resummation formalism, the contribution to the integrated qT
distribution of the NLL+NLO QED result exactly coincides with the NLO QED correction to the
total cross section which is equal to +0.3%.

By considering the scale variation band, we observe that the LL QED effects have an un-
certainty of around 2% in the small qT region (qT ∼< 6 GeV) which increases up to 4% in the
intermediate qT region (30∼<qT ∼< 40 GeV). The inclusion of the NLL+NLO QED corrections re-
duces the scale variation band by roughly a factor 2. In order to better illustrate the dependence
on the QED scales, in Fig. 1 (right panel) we separately consider µ′R and Q′ variations. The upper
plot corresponds to the variation of µ′R by a factor 2 around the central value and the lower plot
corresponds to an analogous variation of Q′. As expected from the QED running of α, the qT
distribution decreases (increases) by decreasing (increasing) the value of µ′R. The µ′R scale depen-
dence is flat and at the level of 2% at LL and it decreases to around 0.5−1% at NLL+NLO. The Q′

dependence does not affect the integral of the qT distribution which is constrained by perturbative
unitarity. The resummation scale dependence at LL is about 1% for qT ∼< 5 GeV, it reduces up to
0.1% for qT ∼ 10 GeV and it increases again up to about 2% for qT ∼ 30−40 GeV. The reduction
of the Q′ dependence in the region qT ∼ 10 GeV is due to the crossing (necessary in order to fulfill
unitarity) between the predictions with Q′ = mZ and Q′ = mZ/4. This accidental cancellation
suggests that the Q′ variation band at LL might underestimates the perturbative uncertainty of
the prediction in the region around qT ∼ 10 GeV. In fact at NLL+NLO the Q′ dependence for
qT ∼> 4 GeV is constant and at O(1%) level. Below the peak the Q′ dependence rapidly increases.
We note that in the region qT ∼< 3 GeV the qT distribution is steeply falling to zero. We finally
observe that at LL the scale variation is mainly driven by µ′R because the Born-level cross section

8

QED contribution corresponds to an             correction to the QCD result 𝒪(α/αs)

All order resummation of QED emissions can have non-negligible impact on 
pure QCD resummed results 

Formulation of combined resummation obtained as an extension of the b-space 
formalism

→
Contains pure QCD resummation Contains pure QCD and QED resummation 

and mixed QCD+QED corrections

• Effects at (LO+NLL)QED on the 
(NLO+NNLL)QCD distribution at the 0.5-1% 
level 

• Perturbative uncertainties dominated by 
resummation scale dependence at 
(LO+NLL)QED

(NNLL+NLO)QCD+(LL)QED

(NNLL+NLO)QCD+(NLL+LO)QED

[Catani et al. ’00]
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Accurate description of the spectrum at small    
requires transverse momentum resummation.  
• bound on light Yukawa coupling 

• sensitivity to high-dimensional operators

Higgs transverse momentum at N3LL+NNLO

2

momenta pT . mh/2. This partly compensates for the
quadratic mass suppression m2

Q/m
2
h appearing in (1). As

a result of the logarithmic sensitivity and of the 2
Q de-

pendence in quark-initiated production, one expects de-
viations of several percent in the pT spectra in Higgs
production for O(1) modifications of Q. In the SM,
the light-quark e↵ects are small. Specifically, in compar-
ison to the Higgs e↵ective field theory (HEFT) predic-
tion, in gg ! hj the bottom contribution has an e↵ect
of around �5% on the di↵erential distributions while the
impact of the charm quark is at the level of �1%. Like-
wise, the combined gQ ! hQ, QQ̄ ! hg channels (with
Q = b, c) lead to a shift of roughly 2%. Precision mea-
surements of the Higgs distributions for moderate pT
values combined with precision calculations of these ob-
servables are thus needed to probe O(1) deviations in yb
and yc. Achieving such an accuracy is both a theoretical
and experimental challenge, but it seems possible in view
of foreseen advances in higher-order calculations and the
large statistics expected at future LHC runs.

Theoretical framework. Our goal is to explore
the sensitivity of the Higgs-boson (pT,h) and leading-
jet (pT,j) transverse momentum distributions in inclusive
Higgs production to simultaneous modifications of the
light Yukawa couplings. We consider final states where
the Higgs boson decays into a pair of gauge bosons. To
avoid sensitivity to the modification of the branching ra-
tios, we normalise the distributions to the inclusive cross
section. The e↵ect on branching ratios can be included in
the context of a global analysis, jointly with the method
proposed here.

The gg ! hj channel was analysed in depth in the
HEFT framework where one integrates out the domi-
nant top-quark loops and neglects the contributions from
lighter quarks. While in this approximation the two
spectra and the total cross section were studied exten-
sively, the e↵ect of lighter quarks is not yet known with
the same precision for pT . mh/2. Within the SM,
the LO distribution for this process was derived long
ago [17, 19], and the next-to-leading-order (NLO) cor-
rections to the total cross section were calculated in [20–
24]. In the context of analytic resummations of the Su-
dakov logarithms ln (pT /mh), the inclusion of mass cor-
rections to the HEFT were studied both for the pT,h

and pT,j distributions [25–27]. More recently, the first
resummations of some of the leading logarithms (1) were
accomplished both in the abelian [28] and in the high-
energy [29] limit. The reactions gQ ! hQ, QQ̄ ! hg
were computed at NLO [30, 31] in the five-flavour scheme
that we employ here, and the resummation of the loga-
rithms ln (pT,h/mh) in QQ̄ ! h was also performed up to
next-to-next-to-leading-logarithmic (NNLL) order [32].

In the case of gg ! hj, we generate the LO spectra
with MG5aMC@NLO [33]. We also include NLO corrections
to the spectrum in the HEFT [34–36] using MCFM [37].
The total cross sections for inclusive Higgs production
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Figure 1: The normalised pT,h spectrum of inclusive Higgs
production at

p
s = 8TeV divided by the SM prediction for

di↵erent values of c. Only c is modified, while the remain-
ing Yukawa couplings are kept at their SM values.

are obtained from HIGLU [38], taking into account the
NNLO corrections in the HEFT [39–41]. Sudakov loga-
rithms ln (pT /mh) are resummed up to NNLL order both
for pT,h [42–44] and pT,j [45–47], treating mass correc-
tions following [27]. The latter e↵ects will be significant,
once the spectra have been precisely measured down to
pT values of O(5GeV). The gQ ! hQ, QQ̄ ! hg contri-
butions to the distributions are calculated at NLO with
MG5aMC@NLO [48] and cross-checked against MCFM. The ob-
tained events are showered with PYTHIA 8.2 [49] and jets
are reconstructed with the anti-kt algorithm [50] as im-
plemented in FastJet [51] using R = 0.4 as a radius
parameter.
Our default choice for the renormalisation (µR), fac-

torisation (µF ) and the resummation (QR, for gg ! hj)
scales is mh/2. Perturbative uncertainties are estimated
by varying µR, µF by a factor of two in either direc-
tion while keeping 1/2  µR/µF  2. In addition, for
the gg ! hj channel, we vary QR by a factor of two
while keeping µR = µF = mh/2. The final total theo-
retical errors are then obtained by combining the scale
uncertainties in quadrature with a ±2% relative error as-
sociated with PDFs and ↵s for the normalised distribu-
tions. We stress that the normalised distributions used
in this study are less sensitive to PDFs and ↵s varia-
tions, therefore the above ±2% relative uncertainty is a
realistic estimate. We obtain the relative uncertainty in
the SM and then assume that it does not depend on Q.
While this is correct for the gQ ! hQ, QQ̄ ! hg chan-
nels, for the gg ! hj production a good assessment of
the theory uncertainties in the large-Q regime requires
the resummation of the logarithms in (1). First steps in

[Bishara et al. ’16]

pt

Probably the most studied distribution, known until recently up to NNLL+NLO
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(a) (b)

Figure 5: Higgs transverse-momentum spectrum in the SM (black, solid) compared to simultaneous
variations of ct and cb for (a) 0GeV pT  400GeV and (b) 400GeV pT  800GeV. The lower
frame shows the ratio with respect to the SM prediction. The shaded band in the ratio indicates
the uncertainty due to scale variations. See text for more details.

(a) (b)

Figure 6: Higgs transverse-momentum spectrum in the SM (black, solid) compared to simultaneous
variations of ct, cg and cb for (a) 0GeV pT  400GeV and (b) 400GeV pT  800GeV. The
lower frame shows the ratio with respect to the SM prediction. The shaded band in the ratio
indicates the uncertainty due to scale variations. See text for more details.
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[Grazzini et al. ’16] 
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Higgs transverse momentum at N3LL+NNLO
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• Resummation performed directly 
in momentum space 

• Multiplicative matching allows to 
recover N3LO constant terms from 
the fixed-order (for inclusive distr.) 

• Results for fiducial region within 
experimental cuts

[Bizon, Monni, Re, LR, Torrielli + NNLOJET ’17, ’18]

4

FIG. 2. Comparison of full fixed-order spectrum, the ab-
solute value of singular distribution, and the non-singular
distribution through to NNLO. Here d�n/dpT ⇠ O(pT ) for
pT ⌧ mH .

frames, where individual parton-level initial states are
compared (with q denoting the sum over quarks and an-
tiquarks of all light flavours). We point out that the (nu-
merically subdominant) qq channel turns out to be the
numerically most challenging, since contributions from
valence-valence scattering favor events with higher par-
tonic center-of-mass energy than in any of the other chan-
nels. The excellent agreement between fixed-order per-
turbation theory and SCET-predictions for the singular
terms serves as a very strong mutual cross check of both
approaches. It demonstrates that our calculation of the
non-singular terms is reliable over a broad range in pT ,
thereby enabling a consistent matching of the NNLO and
N3LL predictions.

Matching and results.— For a reliable description of
the transverse-momentum spectrum, the resummation
of large logarithms in d�

s
/dp

2
T has to be turned o↵ at

large pT . This can be seen clearly from Fig. 2, which de-
picts the full fixed-order spectrum, the absolute value of
singular distribution, and the non-singular distribution,
all through to NNLO. At pT ⌧ 50 GeV, the singular
distribution dominates the fixed-order cross section, and
the resummation of higher order logarithms is necessary.
Around 50 GeV, the singular and non-singular distri-
bution become comparable, and resummation has to be
gradually turned o↵. There are several di↵erent prescrip-
tions on how to turn o↵ the resummation [12, 16, 27, 66–
70]. In this letter, we follow Ref. [16] by introducing b

and pT dependent profile functions, defining

⇢(b, pT ) = ⇢l

h
1� tanh

⇣
4s
⇣
pT

t
� 1

⌘⌘i

+ ⇢r

h
1 + tanh

⇣
4s
⇣
pT

t
� 1

⌘⌘i
, (12)

where ⇢(b, pT ) is used for µs = µs(b, pT ) = µB , ⌫s =
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FIG. 3. The Higgs-boson transverse momentum distribution
matched between FO and SCET. Dashed lines indicate central
scales of mH/2 and matching profile centered at 30 GeV. The
theoretical uncertainties are estimated by taking the envelope
of all scale and profile variations (see text). Ratio plots in
the lower panel presents the scale and profile variation with
respect to the central result for NNLO+N3LL (red dashed
line).

⌫s(b, pT ), and µh = µh(pT ), which appear in Eq. (3). ⇢l is
the initial scale for each profile, taken to be the canonical
scales in Eq. (7) so that at small pT the large logarithms
are resummed. ⇢r is the final scale for each profile, which
is chosen to be µh = µB = µs = µF = µR, while for ⌫s it
is mH . The parameters s and t govern the rate of transi-
tion between the fixed order result and the resummation,
where the transition starts at pT ' t� t/(2s), is centered
at pT = t, and ends at pT ' t+t/(2s). In our calculation,
we choose s = 1, and t = 20, 25, 30, 35, 40, 50 GeV
to estimate the uncertainties from di↵erent profiles. The
uncertainties for the final resummed + fixed-order pre-
diction are estimated by three-point variations of i) the
⇢l for µh about mH and ⇢r for all scales (varied simul-
taneously), and ii) the ⇢l for µB = µs and ⌫s about b0/b
(varied independently). We always fix ⌫B = mH . We
take the envelope of the resulting 66 curves as the uncer-
tainty band at each order. Further uncertainties in our
calculation include the missing four-loop cusp anomalous
dimension and the treatment of non-perturbative correc-
tions at large b. They are estimated to be negligible
compared with the aforementioned scale uncertainties.
Additional independent uncertainties related to the par-
ton distributions and value of ↵s(mZ) should be included
for a detailed phenomenological study.

The final matched transverse momentum spectrum is
shown in Fig. 3. We plot the distributions at LO+NLL,
NLO+NNLL, and NNLO+N3LL. We also plot the un-
matched NNLO distribution. At small transverse mo-
mentum, the fixed order distribution displays unphysical

[Chen et al. ’18]

• Resummation performed in b-
space within a SCET approach  

• Additive matching 
• Effects relevant for              GeVph

t ≲ 40

Heavy-quark mass effects start to be 
relevant at this level of precision

[Lindert et al., ’17][Caola et al., ’18]
Stefano’s talk

14

Wojtek’s talk

https://indico.cern.ch/event/662485/contributions/3050118/attachments/1707189/2751421/dresden18.pdf
https://indico.cern.ch/event/662485/contributions/3067619/attachments/1705965/2748824/wbizon-dresden.pdf
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Higgs transverse momentum at N3LL+NNLO
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• Resummation performed directly 
in momentum space 
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recover N3LO constant terms from 
the fixed-order (for inclusive distr.) 
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Two separate worlds?
Heavy-quark mass effects start to be 
relevant at this level of precision

[Lindert et al, ’17, Caola et al, ’18]

Numerical 
Resummation

SCET

14

Wojtek’s talk

• Resummation performed in b-
space within a SCET approach  

• Additive matching 
• Effects relevant for              GeVph

t ≲ 40
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Numerical resummation in SCET
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Resummation in SCET
Factorization of relevant modes is assumed at the level of the Lagrangian

ℒSCET = ℒs + ∑
i

ℒni

General observables mix soft and collinear modes in their definition. If (re)-
factorization theorem for the observables exist then

Σ(v, Q) = H(μ, μH)J(μ, μJ) ⊗ J(μ, μJ) ⊗ S(μ, μS)

Each contribution depends on a single scale: log dependence tied to the dependence 
on the renormalization scale. Logarithms resummed solving associated RGEs

μ
d

dμ
F(μ, μF) = γF(μ, μF) ⊗ F(μ, μF) F(μ, μF) = U(μ, μF) ⊗ F(μF, μF)→

Cons: 

1. Does not work if factorization theorem does not exist 

2. Purely analytical calculation (numerical techniques for parts exist) 

Pros 

1. Systematic way to go to higher orders (more loops in anomalous dimensions) 

Rudi’s talk
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Numerical resummation
Based on rIRC properties of the observable. For rIRC safe observables

Cons 

1. Gets rapidly non trivial at higher orders

Σ(v) ∼ ∫ d[k1]e−R(q0V(k1))

× (
∞

∑
m=0

1
m! ∫

m+1

∏
i=2

[dki] |ℳ(ki) |2 Θ(V(ki) − q0V(k1))Θ (v − V(k1, …, km+1)))

‘Simple’ observable: Can be computed analytically 
and shares the same LL structure of

‘Transfer function’ is 
calculated numerically

Pros 

1. Works for any rIRC safe observable 

2. Everything done numerically except for analytical resummation for simple 
observable. 

∼ Σs(vs)ℱ(v, vs) .

Σ(v)

16
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Pros	and	Cons	for	both:	Coherent	branching	formalism	being	
more	generic	and	SCET	more	systema'c

�12

SCET Coherent branching

Only works for observables for which 
factorization theorem exists

Works for any observable 

(that is rIRC safe)

Purely analytical calculations 
(although numerical techniques for 

parts exist)

Only need analytical resummation for 
simple observable. Everything else 

done numerically

Very systematic way to go to higher 
orders (more loops in anomalous 

dimensions)

Somewhat of an art to go to higher 
orders (need to know exactly what 
was and was not included before)

numerical resummation being

Numerical resummation

slide from C. Bauer PSR 2018

17

(coherent branching formalism)
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Pros	and	Cons	for	both:	Coherent	branching	formalism	being	
more	generic	and	SCET	more	systema'c

�12

SCET Coherent branching

Only works for observables for which 
factorization theorem exists

Works for any observable 

(that is rIRC safe)

Purely analytical calculations 
(although numerical techniques for 

parts exist)

Only need analytical resummation for 
simple observable. Everything else 

done numerically

Very systematic way to go to higher 
orders (more loops in anomalous 

dimensions)

Somewhat of an art to go to higher 
orders (need to know exactly what 
was and was not included before)

numerical resummation being

Numerical resummation

slide from C. Bauer PSR 2018

Combine the best of the two worlds by overcoming the need 
of factorization theorem and systematically perform 

numerical resummation within SCET
[Bauer, Monni ’18]

17

(coherent branching formalism)
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Numerical resummation in SCET
[Bauer, Monni ’18]

Steps: 

1. Write most generic expression for observable to be resummed using separation of 
modes in the SCET Lagrangian 

2. Identify simple observables for which factorization can be derived in SCET in a 
very simple manner 

  

3. Perform resummation of the simple observable solving RGEs 

4. Compute numerically relation between simple observable and full observable

Σs = Hs Js Js Ss

[Bauer et al. ’08]

1. Start with i = 0 and v0 = ⌧

2. Increase i by one

3. Generate ⌧i randomly according to (⌧i�1/⌧i)�R
0
LL(�B ;⌧) = r, with r 2 [0, 1]

4. If ⌧i < �⌧ exit the algorithm, otherwise go back to step 2

If the sum over all generated ⌧i are less than ⌧ , accept the event, otherwise reject it. The

value of FNLL

S
(⌧, ⌧, Q) is equal to the fraction of the accepted events.

One can compare the result obtained in Eq. (4.31) using the MC algorithm above

to determine the transfer function F
NLL

S
(⌧, ⌧, Q) to the analytical expression, given in

Eq. (3.46). We show this comparison in Figure. 5, where we observe a perfect agreement

between the two predictions.
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Figure 5: The left figure shows the thrust cross section at NLL obtained with the Monte-Carlo
algorithm given in the text (crosses in the plot). The analytic result is reported as a solid line
for comparison. The right plot reports the comparison between numerical and analytical solutions
for the soft transfer function at the same order. The numerical results have been obtained with
ln(�) = �20.

Although the extension to the general case is beyond the scope of this article, we do

want to mention that it is possible to apply the above method to a more complicated

observable than thrust. In general, if one is able to find an SCET Lagrangian for the

simple observable and define ⌃max which by definition contains the same LL as the full

observable v, then the resummation for v can be obtained by means of a transfer function

that is defined in terms of the fields of the same Lagrangian, and can be computed via

Monte Carlo methods.

5. Conclusions and Outlook

In this work we have shown how to formulate a numerical approach to resummation in

SCET using the example of NLL resummation of the thrust distribution. This was achieved

by combining the automated CAESAR/ARES approach to resummation with the factorization

of the long distance degrees of freedom in SCET.

– 36 –

Result: numerical vs. analytical 
computations for thrust
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PDFs with small-x resummation
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Small-x (high energy) resummation
Relevant at high energy                           x = Q2/s, Q2 ≪ s

Small-x logs in general affect both DGLAP evolution and coefficient functions 

Predictions computed using the kt-factorization formalism

Resummation achieved by combining DGLAP and BFKL evolution 

[Catani, Ciafaloni, Hautmann ’90, ’91]

d
d(1/x)

G(x, M) = χ(αs, M)G(x, M),

d
dQ2

G(N, Q2) = γ(αs, N )G(N, Q2),

BFKL: evolution for Mellin M 
moments of parton densities 

DGLAP: evolution for Mellin N 
moments of parton densities 

Mellin transform maps logs into poles lnk(Q2/μ2) → 1/Mk+1

lnk(1/x) → 1/Nk+1

19

See also Andreas’ talk

A subject with a long history…

1980 1990 2000 2010
LL resummation 
of anomalous 
dimensions

kt-factorization 
formalism

High-energy 
resummation in 
DGLAP and for 
physical processes[Catani, Ciafaloni, Hautmann]

[Altarelli, Ball, 
Forte (ABF)]
[Ciafaloni, Colferai, 
Salam, Stasto]

[Thorne, White][Jaroszewicz]

https://indico.cern.ch/event/662485/contributions/3067616/attachments/1705801/2748510/QCDatLHC_2018.pdf
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Small-x (high energy) resummation

The new wave
ABF approach recently revived and improved 
to allow for phenomenological applications 

• New formalism for coefficient functions 

• Matching to NNLO and further 
improvement aimed at producing PDFs with 
resummation (heavy quarks, VFNS, …) 

• Public code (aptly named HELL)

Small-x resummation is a HELL of a challenge!

[Bonvini, Marzani, Peraro ’16]

[Bonvini, Marzani, Muselli ’17]

+also recent work using EFT approach [Rothstein and Stewart ’16]

20

See also Andreas’ talk

…but number of phenomenological applications very limited

https://indico.cern.ch/event/662485/contributions/3067616/attachments/1705801/2748510/QCDatLHC_2018.pdf
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Parton distribution functions with small-x resummation3. R������� ������ ������������ ��������� 99
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Figure 3.16: �e kinematic coverage in the (x ,Q2
) plane of the data included in the NNPDF3.1sx �t with the

default value of the kinematic cut to the hadronic data, Hcut = 0.6. �e diagonal line indicates the value of
the cut eq. (3.14), below which the hadronic data are excluded from the �t. �e reader can compare this
�gure with �g. A.1 to get an idea of the number of points excluded.

�ts are competitive with NNPDF3.1. Here we choose Hcut = 0.6, which has been shown to

satisfy both criteria in ref. [5].

�e kinematic coverage of the NNPDF3.1sx �ts in the (x ,Q2
) plane for the default value

of Hcut = 0.6 is shown in �g. 3.16. �e diagonal line indicates the region below which the

hadronic data are removed by the cut eq. (3.14). As a consequence, the hadronic dataset is

restricted to the large-Q2 and medium- and large-x region. We �nd that most of the ATLAS and

CMS measurements included in NNPDF3.1 are included in the NNPDF3.1sx �ts, though with a

reduced number of datapoints, the LHCb measurements are removed altogether, highlighting

the sensitivity of forward W , Z production data to the small-x region.

3.2.3 Parton distributions with small-x resummation

We can now present the NNPDF3.1sx �ts with small-x resummation. We will start by discussing

the results of the DIS-only �ts. We then focus the discussion on the global �ts based on the dataset

described in sect. 3.2.2 with the default choice ofHcut and we will compare them to the DIS-only �ts.

DIS-only �ts. Let us start by discussing the results of the DIS-only �ts, where resummation

is included consistently both in the evolution and in the coe�cient functions. We collect the

values for � 2/Ndat obtained in the NLO, NLO+NLLx , NNLO and NNLO+NLLx �ts in table 3.4,

All ingredients available to produce a consistent 
DIS-only fit with small-x resummation

To make the fit competitive with global fits, cuts 
applied to hadronic data

• Improvement on the description of the PDFs at small x (better perturbative behaviour) 

• Improved description of HERA data at small-x (emergence of BFKL dynamics) 

• Effects at the LHC should be visible, either at low invariant masses or at high rapidities
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HERA kinematic coverage
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Dcut = 2

Dcut = 1.5

Collider DIS

[Ball, Bertone, Bonvini, Marzani, Rojo, LR ’17]

Similar analysis (DIS only dataset) performed by xFitter collaboration
[Abdolmaleki et al’17]21

Sasha’s talk
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What about large-x ?
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The large-x region 
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First (almost) global fit performed using a 
DIS+DY+(inclusive) top dataset

May be relevant for high-mass resonance 
searches

[Bonvini et al. ’14]

PDF datasets span a large region in the (x,Q2) 
plane and require accurate description both 
at low and at large

Description in the large-x region might 
require consistent resummation of large-x 
(threshold) logs                      which enhance 
the coefficient functions (      scheme) 

L = ln(1 − x)

x ∼ Q2/s

MS

Effect on PDFs small (especially at NNLO+NNLL) 
and often below the level of PDF uncertainty
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The large-x region 

No jet data, gluon poorly constrained
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Main limitation: lack of constraint due to limited 
dataset (no resummed calculation available) 

Effect on PDFs small (especially at NNLO+NNLL) 
and often below the level of PDF uncertainty

First (almost) global fit performed using a 
DIS+DY+(inclusive) top dataset

May be relevant for high-mass resonance 
searches

[Bonvini et al. ’14]

PDF datasets span a large region in the (x,Q2) 
plane and require accurate description both 
at low and at large

Description in the large-x region might 
require consistent resummation of large-x 
(threshold) logs                      which enhance 
the coefficient functions (      scheme) 

L = ln(1 − x)

x ∼ Q2/s

MS
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Threshold resummation for single-inclusive jet production 
[Liu, Moch, Ringer, Eren, Lipka ’17, ’18]

Calculations were available at NLL, but no numerical implementation

Complete jet kinematics must be taken into account for meaningful predictions

Resummation is performed in a SCET approach at NLL accuracy 

• combined resummation of threshold and small-R (single) logarithms, differential 
in jet pt and rapidity   

• resummation in direct space avoid intricacies related to use of Mellin transform 
• extension of the formalism to NNLL possible

[Florian, Vogelsang ’07]

• Improved agreement with data with respect to 
NLO (resummed predictions tend to somewhat 
overshoot the data at larger value of R) 

• Reduction of scale uncertainty
13
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FIG. 16: Same as in Figs. 11 and 13 for the cross sections �NLO+NLL and �NLO using the PDF sets NNPDF3.0 at
NLO without and with resummation [39], labeled as NNPDF30NLO and NNPDF30NLL in the plots, respectively. The

dashed lines (blue) indicate the PDF uncertainties for �NLO with the set NNPDF30NLO.

fixed NLO results and the NLL threshold and small-
R joint resummation improved calculations obtained re-
cently, and we have achieved remarkable advances in per-
turbative predictions upon using the latter. In our stud-
ies, significant di↵erences between the NLO and the NLO
+ NLL joint resummation predictions have been observed
in the kinematic regions of interest for the LHC analyses
and we have found that these di↵erences account for the
discrepancy between the NLO predictions and the LHC
data for the jet pT spectrum in various rapidity bins col-
lected by the CMS experiment at various center-of-mass
energies. Once the joint resummation has been included,
a remarkable agreement was found between the QCD the-
ory predictions and the LHC data in a large range of jet
rapidities.

We have illustrated the impact of the joint resum-
mation in a study of the jet radius ratios DR at both,p
S = 7 and 13 TeV, which have the advantage of be-

ing largely independent of the PDFs and other residual
theory uncertainties. At

p
S = 7 TeV these jet radius

ratios between R = 0.5 and R = 0.7, i.e., D0.7, have
been compared with a CMS analysis in Fig. 2 and over-
all we have found a significant improvement in the the-
oretical description of those data. While the predicted
double-di↵erential cross sections in pT and y at NLO in
pQCD are, for a given value of R, systematically higher
than the central values of those LHC data in all rapid-
ity bins, arguably they still agree within the theoretical
and experimental uncertainties. For the jet radius ra-

tios DR, however, such consistency is definitely not the
case due to the much reduced experimental uncertainties.
The NLO predictions forD0.7 completely miss those LHC
data and also cannot be changed by considering di↵erent
PDF sets since those e↵ects largely cancel out in the jet
radius ratios DR. Therefore, we conclude that the NLO
+ NLL joint resummation is a crucial ingredient in or-
der to achieve a good description of the

p
S = 7 TeV jet

data within pQCD. We have also presented predictions
for the jet radius ratios DR at

p
S = 13 TeV in Fig. 3.

using di↵erent jet radii with a jet pT up to 2TeV. These
results will be useful for future experimental analyses of
inclusive jet data.
Due to the great importance of the inclusive jet data

for constraints on PDFs and determinations of the strong
coupling ↵s(MZ) we have also investigated in this study
the impact of di↵erent PDF sets on the theoretical pre-
dictions. We have found that the NLO + NLL predic-
tions at

p
S = 7 TeV based on the NLO variants of the

PDF sets ABMP16, CT14, MMHT2014 and NNPDF3.1
or on the NNLO variant of HERAPDF2.0, respectively,
describe the pT distributions remarkably well for the var-
ious rapidity bins. On the other hand, the tension with
the CMS inclusive jet data and the pure NLO predictions
�NLO persists for all those PDF sets and cannot be re-
moved or relieved by selecting a specific PDF set. There-
fore, global PDFs which also fit inclusive jet data from
the LHC need to be based on theory predictions using the
joint resummation for the single-inclusive jet production
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FIG. 3: Ratios DR of Eq. (5) with Rfixed = 0.4 at
p
S = 13 TeV for the cross sections at NLO + NLL (left) and

NLO (right) accuracy using the MMHT PDF set [64] at NLO.
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theoretical results at NLO (black) and at NLO + NLL (red) accuracy using the MMHT PDF set [64] at NLO.

C. Comparison to LHC data

Now we move on to the comparison of the theoretical
predictions with the CMS inclusive jet analyses for bothp
S = 7 and 13 TeV [17, 22]. Other data sets, such

as those by CMS collected at
p
S = 2.76 TeV [15] and

the one ATLAS at
p
S = 13 TeV [21] have already been

considered in [27].

We start with
p
S = 7 TeV following the CMS anal-

ysis [17] and focus on the cross section data with the
anti-kT jet radius R = 0.5, which we bin into 4 di↵er-
ent rapidity regions: 0.0  |y| < 0.5, 0.5  |y| < 1.0,
1.0  |y| < 1.5 and 1.5  |y| < 2.0. For each rapidity
bin, we present the pQCD predictions �NLO+NLL at NLO
+ NLL and �NLO at NLO accuracy based on the CT10
PDFs [71] at NLO as in the original CMS analysis [17].

Figs. 7 and 8 show the ratio of the CMS data to the the-
oretical predictions, that is �Data/�Theory for both NLO
+ NLL and NLO accuracy. For both cases, also the NP
e↵ects as provided by CMS [17] have been included in the
perturbative calculations to convert the predictions from
the parton level to the particle level. The yellow bands in
Figs. 7 and 8 indicate the theoretical uncertainties from
scale variations obtained as discussed in the previous sec-

tion with the hard scale chosen as µ = pmax

T . The solid
brown lines on the other hand indicate the experimen-
tal systematic errors, whereas the error bars on the data
represent the experimental statistical errors [17].
In Fig. 7 we observe very good agreement with the data

in all rapidity regions for the NLO + NLL predictions
where the NLL joint resummation is taken into account.
In the high-pT region, the NLO + NLL calculations still
somewhat overestimate the CMS data. However, this
can be further improved by switching from the CT10
PDFs [71] to more recent PDF sets, as we will detail in
the next section. In contrast, the NLO results in Fig. 8
are consistently larger than the inclusive jet data by an
amount of 10% in all rapidity bins. Thus, all predictions
are lying along the lower boundary of the systematic er-
rors (brown lines) in Fig. 8, except for the high pT tail
region of the rapidity bin 1.5  |y| < 2.0.
The theoretical uncertainty of the NLL + NLO pre-

dictions in Fig. 7 is still large and comparable with the
experimental errors. However, this can be reduced fur-
ther in the future with the help improved accuracy for
the resummation, i.e., upon resumming the relevant log-
arithms to NNLL accuracy together with matching to the
available NNLO calculations.
Next we study the inclusive jet production cross section

• Overall better agreement wrt NLO if NLO+NLL 
predictions are computed using resummed PDF  

• Interesting to use these predictions for future 
extractions of PDFs with threshold resummation 
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Results for combined resummation existed, e.g. combined transverse momentum and 
threshold resummation

n.b. sometimes joint resummation is used to refer to simultaneous resummation of 
two different observables, e.g. two angularities [Larkoski, Moult, Neill ’14]

Previous result is an example of a combined (or joint) resummation: simultaneous 
resummation of threshold logarithms and small-R logarithms 

[Procura et al ’18]

[Li ’98][Laenen et al. ’00][Kulesza et al. ’02. ‘03][Fuks et al. ’07, ’11][Laenen, Banfi ’05]
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high-energy resummation

threshold resummation

[Muselli et al ’17][Marzani, Theuves ’17]
[Lustermans et al. ’16]

transverse momentum resummation

24

Recently, revived interest in combined resummation, various new results (list not 
exhaustive)

Results for combined resummation existed, e.g. combined transverse momentum and 
threshold resummation [Li ’98][Laenen et al. ’00][Kulesza et al. ’02. ‘03][Fuks et al. ’07, ’11][Laenen, Banfi ’05]

n.b. sometimes joint resummation is used to refer to simultaneous resummation of 
two different observables, e.g. two angularities [Larkoski, Moult, Neill ’14]

Previous result is an example of a combined (or joint) resummation: simultaneous 
resummation of threshold logarithms and small-R logarithms 

[Procura et al ’18]

see also [Procura, Waalewijn, Zeune ’15][Li, Neill, Zhu ’16]
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[Marzani ’15][Muselli, Forte ’15]

high-energy resummation

threshold resummation

transverse momentum resummation

Recently, revived interest in combined resummation, various new results (list not 
exhaustive) see also [Procura, Waalewijn, Zeune ’15][Li, Neill, Zhu ’16]

Results for combined resummation existed, e.g. combined transverse momentum and 
threshold resummation

n.b. sometimes joint resummation is used to refer to simultaneous resummation of 
two different observables, e.g. two angularities [Larkoski, Moult, Neill ’14]

Previous result is an example of a combined (or joint) resummation: simultaneous 
resummation of threshold logarithms and small-R logarithms 

[Procura et al ’18]

[Li ’98][Laenen et al. ’00][Kulesza et al. ’02. ‘03][Fuks et al. ’07, ’11][Laenen, Banfi ’05]
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[Bonvini, Marzani ’18]

high-energy resummation

threshold resummation

transverse momentum resummation

Results for combined resummation existed, e.g. combined transverse momentum and 
threshold resummation

n.b. sometimes joint resummation is used to refer to simultaneous resummation of 
two different observables, e.g. two angularities [Larkoski, Moult, Neill ’14]

Previous result is an example of a combined (or joint) resummation: simultaneous 
resummation of threshold logarithms and small-R logarithms 
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[Procura et al ’18]

Recently, revived interest in combined resummation, various new results (list not 
exhaustive)

[Li ’98][Laenen et al. ’00][Kulesza et al. ’02. ‘03][Fuks et al. ’07, ’11][Laenen, Banfi ’05]

see also [Procura, Waalewijn, Zeune ’15][Li, Neill, Zhu ’16]
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FIG. 2. Perturbative progression of the Higgs inclusive cross section in di↵erent approximations: fixed-order, threshold resum-
mation and double resummation, at three representative values of the collision energy.

lowing for the estimate of the uncertainty from missing
higher orders and from the matching procedure. Our
calculation keeps finite top-mass e↵ects where possible.
In particular, in the fixed-order part they are included
up to NNLO and in the threshold-resummed one up to
NNLL. Furthermore, the small-x contribution, both at
fixed order and to all orders, must be computed with fi-
nite top-mass, essentially because the limits x ! 0 and
mt ! 1 do not commute. We will discuss further cor-
rections associated with the masses of bottom and charm
quarks when presenting our final results.

Having determined the resummation of the partonic
coe�cient functions, we now discuss the role of the par-
ton luminosities Lij that enter (1). Ideally, we would
like to use PDFs that have been fitted using a double-
resummed theory. However, this is clearly not possi-
ble. Indeed, this is the first study that aims to combine
threshold and high-energy resummation, so a PDF fit
with this theory will only appear in the future. There-
fore, we have to find an acceptable compromise. Within
the NNPDF framework [95], PDFs with threshold resum-
mation were obtained in [89], while small-x resummation
was considered in [90]. We note that the inclusion of the
latter was a challenging enterprise because small-x loga-
rithms appear both in coe�cient functions and PDF evo-
lution, while in the MS scheme large-x resummation only
a↵ects coe�cient functions [96, 97]. In order to make an
informed decision, we separately consider in Fig. 1 the
impact of small-x resummation (on the left) and large-x
resummation (on the right) on the GF cross section, as
a function of the center-of-mass energy of the colliding
protons.

Let us start by illustrating the situation concerning
small-x resummation (left-hand plot). The plot shows
the ratio of resummed results to the fixed order one, com-
puted at N3LO with the fixed-order NNLO set of [90]. We
include resummation in two steps. First (dashed blue),
we compute the N3LO cross section using the “resummed

PDFs” of [90], i.e. those fitted including resummation
and evolving with NNLO+NLLx theory. Then (solid
red), we add the LLx resummation to the Higgs coe�-
cient functions, which provides the consistent resummed
result. In all cases, the bands correspond to PDF un-
certainties. The plot clearly shows that small-x resum-
mation has a modest e↵ect at current LHC energies, but
its impact grows substantially with the energy, reaching
the 10% level at 100 TeV, heralding the fact that elec-
troweak physics at 100 TeV is small-x physics. The plot
also shows that the bulk of the e↵ect comes from the
resummed PDFs and their resummed evolution, while
small-x resummation of the Higgs coe�cient functions is
only a small correction. This perhaps surprising result
can be understood by noting that, while the high-energy
behavior of the PDFs is essentially determined by deep-
inelastic scattering data at small x and low Q2, the Higgs
cross section is characterized by a much higher value of
Q2, and it is dominated by soft emissions [98]. Fur-
thermore, the large discrepancy between resummed and
NNLO PDFs at large

p
s is a manifestation of the per-

turbative instability of the latter. Indeed, as discussed at
length in [90], resummed PDFs are close to the NLO ones,
while the NNLO set significantly deviates at small x.
The situation is rather di↵erent if we analyze large-x

resummation (right-hand plot). Here we use the PDFs
of [89], obtained with either NNLO and NNLO+NNLL
theory, which however su↵er from a larger uncertainty
compared to standard global fits because of the reduced
dataset used in their determination. In this case the im-
pact of the resummation on the N3LO cross section is
smaller and fairly constant in the whole energy range
considered here. The plot shows that about half of the
2% e↵ect originates from the resummation in the PDFs
(dashed blue), which is however not significant due to
the large PDF uncertainties, and the other half by the
resummation in the coe�cient functions (solid red).
Therefore, by comparing the two plots in Fig. 1 we

Simone’s talk
[Bonvini, Marzani ’18]

To match the two resummation, look at the analytical structure of the coefficient 
functions in Mellin space

C(N, αs) = Cfo(N, αs) + ΔClarge-x(N, αs) + ΔCsmall-x(N, αs)

In principle, should use double-resummed PDFs. Effect of threshold resummation 
on gluon PDFs is small        use PDFs with small-x resummation

Results for Higgs production: small  (~2%) 
correction to N3LO at current LHC energies 

Due to small-x effects impact grows at larger 
collider energies (~5% at 27 TeV, ~10% at 100 TeV) 

Method presented rather general: can be applied to 
a variety of processes currently studied at the LHC 
(DY, heavy quarks, differential in rapidity) 

Double resummed coefficient functions should respect singularity structure order-by 
-order

→

[Ball et al. ’14]

https://indico.cern.ch/event/662485/contributions/3082814/attachments/1705023/2749260/marzani_QCD18_higgs.pdf
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• Resummation in jet substructures 

• Resummation in e+e- and heavy-
ions collisions 

• Non-global logs, factorization-
breaking effects

I presented a personal overview of some recent results in resummation

Many topics I could not cover

• Next-to-leading power 

•   ,      & BSM processes 

• EW Sudakovs 

• …

• Large logarithmic corrections are a feature of QCD 

• Resummed calculations needed for accurate predictions 

• Compelling connections between different approaches open up the possibility of 
achieving systematically resummation for a wider class of observables 

• Progress towards fully consistent, exclusive, combined resummation 

• Advances in analytical and automated resummation can be used to assess and 
improve the formal accuracy of parton showers

Felix’s talk

Daniel’s and Frédéric’s talks

Dingyu's and 
Matthew’ s talk

Leonardo’s talk

[Hoche, Reichelt, Siegert ’17]
[Dasgupta,Dreyer,Hamilton,Monni,Salam ’18]

Stefano’s, Jan’s and 
Anna’s talks

tt̄ tt̄H

Jonas’ talk

https://indico.cern.ch/event/662485/contributions/3059861/attachments/1705759/2748410/QCDLHC_FRinger.pdf
https://indico.cern.ch/event/662485/contributions/3082780/attachments/1707833/2752209/QCDatLHC_DReichelt.pdf
https://indico.cern.ch/event/662485/contributions/3082790/attachments/1705941/2748784/talk_qcdlhc18.pdf
https://indico.cern.ch/event/662485/contributions/3067613/attachments/1707850/2752251/QCDLHC2018_shao.pdf
https://indico.cern.ch/event/662485/contributions/3082818/attachments/1707991/2752515/QCDatLHC_DeAngelis.pdf
https://indico.cern.ch/event/662485/contributions/3102492/attachments/1705986/2749246/QCDLHC-2018.pdf
https://indico.cern.ch/event/662485/contributions/3050118/attachments/1707189/2751421/dresden18.pdf
https://indico.cern.ch/event/662485/contributions/3074075/attachments/1705575/2748071/piclum.pdf
https://indico.cern.ch/event/662485/contributions/3086823/attachments/1705262/2747453/ttH_theory18_v3.pdf
https://indico.cern.ch/event/662485/contributions/3050112/attachments/1705598/2748099/QCDatLHC_Gunnellini_Lindert.pdf
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Resummation just scratches the surface of QCD. But it makes a mark. 

George Sterman, CTEQ school 2006


