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The Drell-Yan process: a standard for precision at the LHC

Table 3: Measured integrated cross-section in the fiducial volume in the electron and muon decay channels at Born
level and their combination as well as the theory prediction at NNLO in US using the CT14 PDF set.

Channel Measured cross-section ⇥ B(//W⇤ ! ✓✓) Predicted cross-section ⇥ B(//W⇤ ! ✓✓)
(value ± stat. ± syst. ± lumi.) (value ± PDF ± US ± scale ± intrinsic)

//W
⇤
! 44 738.3 ± 0.2 ± 7.7 ± 15.5 pb

//W
⇤
! `` 731.7 ± 0.2 ± 11.3 ± 15.3 pb

//W
⇤
! ✓✓ 736.2 ± 0.2 ± 6.4 ± 15.5 pb 703+19
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Figure 4: The measured normalized cross section as a function of ?✓✓T (left) and q
⇤

[
(right) for the electron and muon

channels and the combined result as well as their ratio together with the total uncertainties, shown as a blue band. The
pull distribution between the electron and muon channels, defined as the di�erence between the two channels divided
by the combined uncorrelated uncertainty, is also shown. The ?

✓✓

T distribution is split into linear and logarithmic
scales at 30 GeV.

5.2 Comparison with predictions

The integrated fiducial cross-section is compared with a fixed-order theory prediction that is computed
in the same way as in Ref. [76]. The speed-optimized DYT���� [77] version of the DYNNLO 1.5 [10]
program with the CT14 NNLO set of PDFs [78] is used to obtain a prediction at next-to-next-to-leading
order (NNLO) in US in the ⌧

`
EW scheme [79]. The FEWZ 3.1 [9] program is used to compute

next-to-leading-order (NLO) electroweak corrections and to cross-check the DYNNLO calculation. The
prediction is shown in Table 3 together with its uncertainties estimated as follows. The dominant uncertainty
is from limited knowledge of the proton PDFs and is estimated using the eigenvectors of the respective
CT14 PDF set, rescaled from 90% to 68% confidence level. The uncertainties due to the strong coupling
constant are estimated by varying US by ±0.001. Missing higher-order QCD corrections are estimated by
variations of the renormalization (`r) and factorization (`f) scales by factors of two with an additional
constraint of 0.5  `r/`f  2 around the nominal value of <

✓✓
. The deviation from the FEWZ calculation

is taken as an intrinsic uncertainty in the NNLO QCD calculation. A more detailed discussion of the
agreement with theory predictions using di�erent PDF sets is given in Ref. [72].

The di�erential measurements are compared with a variety of predictions of the ?
✓✓

T and q
⇤

[
spectra that

are based on di�erent theoretical approaches to take into account both the soft and hard emissions from
the initial state (ISR). Unless stated otherwise, the predictions do not consider NLO EW e�ects. The

12

Theoretical predictions now reach highest level of 
accuracy

• N3LO for inclusive cross section and rapidity 

• N3LO for fiducial cross section and distributions 

• NLO EW and mixed QCD-EW at NNLO

±1%

[ATLAS 2019]

Lepton-pair production constitutes the most 
important standard candle at hadron colliders

The wealth of data collected enables a broad 
spectrum of applications to different areas: 
• determination of SM parameters such as the W 

mass 
• extraction of parton densities of the proton 
• exploration of BSM scenarios 

Talk by Tonghzi Yang

This talk

Talk by Luca Buonocore

Talk by Chris Pollard
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The transverse momentum spectrum

Table 3: Measured integrated cross-section in the fiducial volume in the electron and muon decay channels at Born
level and their combination as well as the theory prediction at NNLO in US using the CT14 PDF set.

Channel Measured cross-section ⇥ B(//W⇤ ! ✓✓) Predicted cross-section ⇥ B(//W⇤ ! ✓✓)
(value ± stat. ± syst. ± lumi.) (value ± PDF ± US ± scale ± intrinsic)

//W
⇤
! 44 738.3 ± 0.2 ± 7.7 ± 15.5 pb

//W
⇤
! `` 731.7 ± 0.2 ± 11.3 ± 15.3 pb

//W
⇤
! ✓✓ 736.2 ± 0.2 ± 6.4 ± 15.5 pb 703+19
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Figure 4: The measured normalized cross section as a function of ?✓✓T (left) and q
⇤

[
(right) for the electron and muon

channels and the combined result as well as their ratio together with the total uncertainties, shown as a blue band. The
pull distribution between the electron and muon channels, defined as the di�erence between the two channels divided
by the combined uncorrelated uncertainty, is also shown. The ?

✓✓

T distribution is split into linear and logarithmic
scales at 30 GeV.

5.2 Comparison with predictions

The integrated fiducial cross-section is compared with a fixed-order theory prediction that is computed
in the same way as in Ref. [76]. The speed-optimized DYT���� [77] version of the DYNNLO 1.5 [10]
program with the CT14 NNLO set of PDFs [78] is used to obtain a prediction at next-to-next-to-leading
order (NNLO) in US in the ⌧

`
EW scheme [79]. The FEWZ 3.1 [9] program is used to compute

next-to-leading-order (NLO) electroweak corrections and to cross-check the DYNNLO calculation. The
prediction is shown in Table 3 together with its uncertainties estimated as follows. The dominant uncertainty
is from limited knowledge of the proton PDFs and is estimated using the eigenvectors of the respective
CT14 PDF set, rescaled from 90% to 68% confidence level. The uncertainties due to the strong coupling
constant are estimated by varying US by ±0.001. Missing higher-order QCD corrections are estimated by
variations of the renormalization (`r) and factorization (`f) scales by factors of two with an additional
constraint of 0.5  `r/`f  2 around the nominal value of <

✓✓
. The deviation from the FEWZ calculation

is taken as an intrinsic uncertainty in the NNLO QCD calculation. A more detailed discussion of the
agreement with theory predictions using di�erent PDF sets is given in Ref. [72].

The di�erential measurements are compared with a variety of predictions of the ?
✓✓

T and q
⇤

[
spectra that

are based on di�erent theoretical approaches to take into account both the soft and hard emissions from
the initial state (ISR). Unless stated otherwise, the predictions do not consider NLO EW e�ects. The

12

[ATLAS 2019]

Clean experimental and theoretical environment for 
precision physics

• little or no sensitivity to multi-parton interactions 

• reduced sensitivity to non-perturbative effects 

• measured extremely precisely at experiments

Very accurate theoretical predictions needed

±1%
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The transverse momentum spectrum

Clean experimental and theoretical environment for 
precision physics

• little or no sensitivity to multi-parton interactions 

• reduced sensitivity to non-perturbative effects 

• measured extremely precisely at experiments

Very accurate theoretical predictions needed

Table 3: Measured integrated cross-section in the fiducial volume in the electron and muon decay channels at Born
level and their combination as well as the theory prediction at NNLO in US using the CT14 PDF set.

Channel Measured cross-section ⇥ B(//W⇤ ! ✓✓) Predicted cross-section ⇥ B(//W⇤ ! ✓✓)
(value ± stat. ± syst. ± lumi.) (value ± PDF ± US ± scale ± intrinsic)

//W
⇤
! 44 738.3 ± 0.2 ± 7.7 ± 15.5 pb

//W
⇤
! `` 731.7 ± 0.2 ± 11.3 ± 15.3 pb

//W
⇤
! ✓✓ 736.2 ± 0.2 ± 6.4 ± 15.5 pb 703+19
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Figure 4: The measured normalized cross section as a function of ?✓✓T (left) and q
⇤

[
(right) for the electron and muon

channels and the combined result as well as their ratio together with the total uncertainties, shown as a blue band. The
pull distribution between the electron and muon channels, defined as the di�erence between the two channels divided
by the combined uncorrelated uncertainty, is also shown. The ?

✓✓

T distribution is split into linear and logarithmic
scales at 30 GeV.

5.2 Comparison with predictions

The integrated fiducial cross-section is compared with a fixed-order theory prediction that is computed
in the same way as in Ref. [76]. The speed-optimized DYT���� [77] version of the DYNNLO 1.5 [10]
program with the CT14 NNLO set of PDFs [78] is used to obtain a prediction at next-to-next-to-leading
order (NNLO) in US in the ⌧

`
EW scheme [79]. The FEWZ 3.1 [9] program is used to compute

next-to-leading-order (NLO) electroweak corrections and to cross-check the DYNNLO calculation. The
prediction is shown in Table 3 together with its uncertainties estimated as follows. The dominant uncertainty
is from limited knowledge of the proton PDFs and is estimated using the eigenvectors of the respective
CT14 PDF set, rescaled from 90% to 68% confidence level. The uncertainties due to the strong coupling
constant are estimated by varying US by ±0.001. Missing higher-order QCD corrections are estimated by
variations of the renormalization (`r) and factorization (`f) scales by factors of two with an additional
constraint of 0.5  `r/`f  2 around the nominal value of <

✓✓
. The deviation from the FEWZ calculation

is taken as an intrinsic uncertainty in the NNLO QCD calculation. A more detailed discussion of the
agreement with theory predictions using di�erent PDF sets is given in Ref. [72].

The di�erential measurements are compared with a variety of predictions of the ?
✓✓

T and q
⇤

[
spectra that

are based on di�erent theoretical approaches to take into account both the soft and hard emissions from
the initial state (ISR). Unless stated otherwise, the predictions do not consider NLO EW e�ects. The
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[ATLAS 2019]

pH
t ≪ mHL = ln(pH

t /mH)

Large transverse momentum logarithms
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The transverse momentum spectrum

Clean experimental and theoretical environment for 
precision physics

• little or no sensitivity to multi-parton interactions 

• reduced sensitivity to non-perturbative effects 

• measured extremely precisely at experiments

Very accurate theoretical predictions needed

Table 3: Measured integrated cross-section in the fiducial volume in the electron and muon decay channels at Born
level and their combination as well as the theory prediction at NNLO in US using the CT14 PDF set.

Channel Measured cross-section ⇥ B(//W⇤ ! ✓✓) Predicted cross-section ⇥ B(//W⇤ ! ✓✓)
(value ± stat. ± syst. ± lumi.) (value ± PDF ± US ± scale ± intrinsic)
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! 44 738.3 ± 0.2 ± 7.7 ± 15.5 pb
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Figure 4: The measured normalized cross section as a function of ?✓✓T (left) and q
⇤

[
(right) for the electron and muon

channels and the combined result as well as their ratio together with the total uncertainties, shown as a blue band. The
pull distribution between the electron and muon channels, defined as the di�erence between the two channels divided
by the combined uncorrelated uncertainty, is also shown. The ?

✓✓

T distribution is split into linear and logarithmic
scales at 30 GeV.

5.2 Comparison with predictions

The integrated fiducial cross-section is compared with a fixed-order theory prediction that is computed
in the same way as in Ref. [76]. The speed-optimized DYT���� [77] version of the DYNNLO 1.5 [10]
program with the CT14 NNLO set of PDFs [78] is used to obtain a prediction at next-to-next-to-leading
order (NNLO) in US in the ⌧

`
EW scheme [79]. The FEWZ 3.1 [9] program is used to compute

next-to-leading-order (NLO) electroweak corrections and to cross-check the DYNNLO calculation. The
prediction is shown in Table 3 together with its uncertainties estimated as follows. The dominant uncertainty
is from limited knowledge of the proton PDFs and is estimated using the eigenvectors of the respective
CT14 PDF set, rescaled from 90% to 68% confidence level. The uncertainties due to the strong coupling
constant are estimated by varying US by ±0.001. Missing higher-order QCD corrections are estimated by
variations of the renormalization (`r) and factorization (`f) scales by factors of two with an additional
constraint of 0.5  `r/`f  2 around the nominal value of <

✓✓
. The deviation from the FEWZ calculation

is taken as an intrinsic uncertainty in the NNLO QCD calculation. A more detailed discussion of the
agreement with theory predictions using di�erent PDF sets is given in Ref. [72].

The di�erential measurements are compared with a variety of predictions of the ?
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T and q
⇤

[
spectra that

are based on di�erent theoretical approaches to take into account both the soft and hard emissions from
the initial state (ISR). Unless stated otherwise, the predictions do not consider NLO EW e�ects. The
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[ATLAS 2019]

pH
t ≪ mHL = ln(pH

t /mH)

Large transverse momentum logarithms

Fixed order predictions no longer reliable: 
all order resummation of the perturbative series mandatory
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Resummation of the transverse momentum spectrum

3

move to conjugate space where phase space factorization is manifest

[Parisi, Petronzio ’79; Collins, Soper, Sterman ’85]

b-space formulation

Talk by Ignazio Scimemi

Solution 1:
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Resummation of the transverse momentum spectrum

4

resummation in direct space exploiting the properties of the observable 
in the presence of multiple radiation

Solution 2:

[Bizon, Monni, Re ’16][Bizon, Monni, Re, LR, Torrielli ’17]

RadISH formulation

[Banfi, Salam, Zanderighi ’03]
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RadISH in a nutshell

5
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Resummation of the transverse momentum spectrum in direct space

vi = kt,i/mH, ζi = vi/v1

× R′ (v1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζiv1) Θ (p⊥ − | ⃗k t,i + ⋯ ⃗k t,n+1 | ))

σ(p⊥) = σ0 ∫
dv1

v1 ∫
2π

0

dϕ1

2π
e−R(ϵv1)

Result at NLL accuracy with scale-independent PDFs
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Logarithmic accuracy defined in terms of ln(mH /kt1)
Result formally equivalent to the b-space formulation

Result at NLL accuracy with scale-independent PDFs

Formula can be evaluated with Monte Carlo method; dependence on  vanishes (as ) and result is finite in four 
dimensions 

ϵ 𝒪(ϵ)

6

Resummation of the transverse momentum spectrum in direct space

[Bizon, Monni, Re, LR, Torrielli ’17]

× R′ (v1)
∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
R′ (ζiv1) Θ (p⊥ − | ⃗k t,i + ⋯ ⃗k t,n+1 | ))

vi = kt,i/mH, ζi = vi/v1

Simple observable

Transfer function

σ(p⊥) = σ0 ∫
dv1

v1 ∫
2π

0

dϕ1

2π
e−R(ϵv1)

Resummation available at N3LL accuracy [Bizon, Monni, Re, LR, Torrielli ’17][Re, LR, Torrielli ’21]
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Matching with fixed order: N3LO+N3LL

dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

Fully differential formula in the transverse momentum  and in the Born kinematic variables for the 
production of a colour singlet V 

qT

Finite for : integral over  allows one to obtain NkLO+NkLL predictions within fiducial cutsqT → 0 qT

To obtain predictions valid across the whole  spectrum the resummation result must be matched with 
the fixed order result 

qT
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

7

dσNkLO+NkLL
V ≡ + dσNk−1LO

V+jet − [dσNkLL
V ]𝒪(αk

s )

Fully differential formula in the transverse momentum  and in the Born kinematic variables for the 
production of a colour singlet V 

qT

NkLL resummed  distribution qT

Finite for : integral over  allows one to obtain NkLO+NkLL predictions within fiducial cutsqT → 0 qT

Matching with fixed order: N3LO+N3LL

To obtain predictions valid across the whole  spectrum the resummation result must be matched with 
the fixed order result 

qT
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

7

dσNkLO+NkLL
V ≡ dσNkLL

V + − [dσNkLL
V ]𝒪(αk

s )

Fully differential formula in the transverse momentum  and in the Born kinematic variables for the 
production of a colour singlet V 

qT

differential  distribution at Nk-1LOqT

Finite for : integral over  allows one to obtain NkLO+NkLL predictions within fiducial cutsqT → 0 qT

To obtain predictions valid across the whole  spectrum the resummation result must be matched with 
the fixed order result 

qT

Matching with fixed order: N3LO+N3LL
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

7

dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet −

Fully differential formula in the transverse momentum  and in the Born kinematic variables for the 
production of a colour singlet V 

qT

Expansion of the NkLL resummed  
distribution at order 

qT
𝒪(αk

s )

Finite for : integral over  allows one to obtain NkLO+NkLL predictions within fiducial cutsqT → 0 qT

To obtain predictions valid across the whole  spectrum the resummation result must be matched with 
the fixed order result 

qT

Matching with fixed order: N3LO+N3LL
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

Fully differential formula in the transverse momentum  and in the Born kinematic variables for the 
production of a colour singlet V 

qT

Finite for : integral over  allows one to obtain NkLO+NkLL predictions within fiducial cutsqT → 0 qT

Both diverge logarithmically for : high numerical precision required in the   down to very small 

values of 

qT → 0 dσNk−1LO
V+jet

qT

To obtain predictions valid across the whole  spectrum the resummation result must be matched with 
the fixed order result 

qT

{<latexit sha1_base64="o7U7mpBXrYzsjbwxNLWFvRlNUc0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qXq16eV+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB54cjW0=</latexit>

Matching with fixed order: N3LO+N3LL
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Fully differential formula in the transverse momentum  and in the Born kinematic variables for the 
production of a colour singlet V 

qT

Both diverge logarithmically for : high numerical precision required in the   down to very small 

values of 

qT → 0 dσNk−1LO
V+jet

qT

dσNkLO+NkLL
V ≡ dσNkLL

V + (dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )) Θ(qT > qcut

t ) + 𝒪((qcut
T /M)n)

Finite for : integral over  allows one to obtain NkLO+NkLL predictions within fiducial cutsqT → 0 qT

Setting  for  introduces a slicing error of order dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

= 0 qT ≤ qcut
T 𝒪((qcut

T /M)n)

Matching with fixed order: N3LO+N3LL

To obtain predictions valid across the whole  spectrum the resummation result must be matched with 
the fixed order result 

qT

𝒪((qcut
T /M)n)
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The perturbative expansion of the NkLL+NkLO fiducial cross section to third order in  leads to the NkLO 
prediction as obtained according to the -subtraction formalism

αs
qT

dσNkLO
V ≡ ℋNkLO

V ⊗ dσLO
V + (dσNk−1LO

V+jet − [dσNkLL
V ]𝒪(αk

s )) Θ(qT > qcut
t ) + 𝒪((qcut

T /M)n)

Virtual correction after subtraction 
of IR singularities and contribution 
of soft/collinear origin (beam, soft, 
jet functions)

𝒪((qcut
T /M)n)

[Catani, Grazzini ’07]

-subtraction and power correctionsqT



Rencontres de Moriond 2022, 24th March 2022 8

The perturbative expansion of the NkLL+NkLO fiducial cross section to third order in  leads to the NkLO 
prediction as obtained according to the -subtraction formalism

αs
qT [Catani, Grazzini ’07]

dσNkLO
V ≡ ℋNkLO

V ⊗ dσLO
V + (dσNk−1LO

V+jet − [dσNkLL
V ]𝒪(αk

s )) Θ(qT > qcut
t ) + 𝒪((qcut

T /M)n)

Missing power corrections 
below the slicing cut-off

𝒪((qcut
T /M)n)

-subtraction and power correctionsqT
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The perturbative expansion of the NkLL+NkLO fiducial cross section to third order in  leads to the NkLO 
prediction as obtained according to the -subtraction formalism

αs
qT

dσNkLO
V ≡ ℋNkLO

V ⊗ dσLO
V + (dσNk−1LO

V+jet − [dσNkLL
V ]𝒪(αk

s )) Θ(qT > qcut
t ) + 𝒪((qcut

T /M)n)

Missing power corrections 
below the slicing cut-off

Relative size of power corrections affects stability and performance of non-local subtraction methods

The larger the power corrections, the lower are the values of the slicing parameters needed for extrapolation 
of correct result (CPU consuming, numerically unstable)

𝒪((qcut
T /M)n)

-subtraction and power correctionsqT

[Catani, Grazzini ’07]
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Δσ(rcut)/Δσexact − 1

0

rcut

𝒪(r2
cut)

0

 correction𝒪(αs)
rcut ∼ qT /Q

Non-local subtraction and power corrections

-subtraction with 
inclusive cuts and in 
various fiducial setups

qT
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𝒪(rcut)
-subtraction for 

 processes with 
(a)symmetric cuts

qT
2 → 2

Δσ(rcut)/Δσexact − 1

0

Non-local subtraction and power corrections

rcut0

 correction𝒪(αs)
rcut ∼ qT /Q



Rencontres de Moriond 2022, 24th March 2022 9

𝒪(rcut)
-subtraction for 

 processes with 
(a)symmetric cuts

qT
2 → 2

Δσ(rcut)/Δσexact − 1

0

Non-local subtraction and power corrections

rcut0

 correction𝒪(αs)
rcut ∼ qT /Q

[Catani, de Florian, Ferrera, Grazzini ‘15][Billis, Dehnadi, Ebert, Michel, Stewart, Tackmann ’21]

For  processes with (a)symmetric cuts, fiducial linear power corrections can be resummed at all orders 
via a simple recoil prescription

2 → 2
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𝒪(r2
cut)

-subtraction for 
 processes with 

(a)symmetric cuts

qT
2 → 2

Δσ(rcut)/Δσexact − 1

0

Non-local subtraction and power corrections

rcut0

 correction𝒪(αs)
rcut ∼ qT /Q

For  processes with (a)symmetric cuts, fiducial linear power corrections can be resummed at all orders 
via a simple recoil prescription

2 → 2

[Catani, de Florian, Ferrera, Grazzini ‘15][Billis, Dehnadi, Ebert, Michel, Stewart, Tackmann ’21]
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Inclusion of transverse recoil effects

e−

e+

Born matrix element 
evaluated at qT = 0

[Catani, de Florian, Ferrera, Grazzini ’15]
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Inclusion of transverse recoil effects

e−

e+

Generate singlet  by 
QCD radiation

qT

[Catani, de Florian, Ferrera, Grazzini ’15]

10
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Inclusion of transverse recoil effects

e−

e+

Generate singlet  by 
QCD radiation

qT

[Catani, de Florian, Ferrera, Grazzini ’15]

10
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Inclusion of transverse recoil effects

e−

e+qT

[Catani, de Florian, Ferrera, Grazzini ’15]

10

Generate singlet  by 
QCD radiation

qT
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Inclusion of transverse recoil effects

e−

e+

qT boost Born kinematics from boson rest frame 
(e.g. CS) to lab frame with that qT

[Catani, de Florian, Ferrera, Grazzini ’15]

10

qT
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Inclusion of transverse recoil effects

e−

e+

qT

apply fiducial cuts on boosted Born kinematics 

[Catani, de Florian, Ferrera, Grazzini ’15]

10

qT
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Inclusion of transverse recoil effects

e−

e+

qT

Sufficient to capture the full linear fiducial power correction for qT

apply fiducial cuts on boosted Born kinematics 

[Ebert et al. ’20]

[Catani, de Florian, Ferrera, Grazzini ’15]

10

qT
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Inclusion of transverse recoil effects

e−

e+

qT

qT

Implementation in RadISH:  

• Each contribution in the resummation formula boosted in the corresponding frame 

• Derivative of the expansion computed on-the-fly, boost computed according to the value of qT

apply fiducial cuts on boosted Born kinematics 

[Re, LR, Torrielli ’21]

[Catani, de Florian, Ferrera, Grazzini ’15]

10
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N3LO cross section for on-shell Drell-Yan production calculated using -subtraction and compared to analytic 
calculation

qT

11

The above considerations are particularly relevant for the case of Drell-Yan productions within fiducial cuts

ATLAS (and CMS) experiments define their fiducial region using symmetric cuts on the lepton transverse momenta 

All necessary ingredients available to calculate N3LO cross section using -subtractionqT
[Gehrmann et al ’10][Catani, Cieri, de Florian,Ferrera,Grazzini ’12][Gehrmann, Luebbert, Yang ‘14][Li, Zhu ’17][Luo,Yang,Zhu,Zhu ’19, ’21][Ebert,Mistlberger,Vita ’20]

Full control on the theory systematics is paramount due to the astonishing precision of the experimental data 
(permille-level!)

First estimates of the N3LO correction in the fiducial region obtained using these ingredients

The Drell-Yan fiducial cross section at N3LO and N3LO+N3LL

[Chen, Gehrmann, Glover, Huss, Yang, Zhu ’21]

[Camarda, Cieri, Ferrera ’21]

pℓ±

T > 27 GeV |ηℓ±
| < 2.5ATLAS fiducial region

Remark: linear power corrections in the symmetric/asymmetric case are related to ambiguities in the 
perturbative expansion and can be avoided with different sets of cuts

[Salam, Slade ’21]

Talk by Tonghzi Yang
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

Transverse momentum spectrum at N3LO+N3LL

• Excellent description of the data across the whole 
 spectrum,  

• First bin which is susceptible to non-perturbative 
corrections 

• Non-singular (matching) correction non-
negligible even below  GeV 

• Residual theoretical uncertainty in the 
intermediate  region is at the few-percent level, 
about 5% for  GeV

qT

qT ≲ 15

qT
qT ≳ 50

[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]
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Linear power corrections for -subtractionqT
Resorting to the recoil prescription allows the inclusion of all missing fiducial linear power corrections below 

, improving dramatically the efficiency of the non-local subtractionrcut
[Buonocore, Kallweit, LR, Wiesemann’21] [Camarda, Cieri, Ferrera ’21] 4

rcut = cutqT /Q[%]

pp → !+!− +X , pT,! > 27GeV, |y!| < 2.5σ/σNLO − 1[%]
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rcut = cutqT /Q[%]
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0

Figure 1: Dependence of the NLO QCD Drell–Yan cross

section, calculated in the qT-subtraction method with (or-

ange) and without (green) linPCs, on the cutoff rcut, nor-
malized to the reference CS result (blue) and with sta-

tistical errors. The horizontal lines show the respective

rcut → 0 extrapolations, with their combined numerical

and extrapolation uncertainties depicted as bands.

instructive to study the effects of linPCs in compari-

son to a reference prediction, the inclusion of linPCs

in the qT -slicing cutoff becomes much more relevant

at next-to-NLO (NNLO) in QCD perturbation the-

ory. The evaluation of the O(α2
s) coefficient in Ma-

trix relies entirely on the qT -subtraction method, and

no rcut-independent NNLO QCD cross section can be

computed with the code. In Figure 2 we study the

rcut dependence of the NNLO QCD coefficient for dif-

ferent partonic channels, normalized to the respective

rcut → 0 results with linPCs. The symbols for the

partonic channels (qq̄, qg, gg, q(q̄)q′) are defined as

usually, i.e. symmetrically with respect to the beam

directions: gg for the gluon–gluon channel, qg includ-

ing all (anti-)quark–gluon channels, qq̄ referring to the

diagonal quark–(anti-)quark channels present already

at leading order, and q(q̄)q′ collecting all remaining

(anti-)quark–(anti-)quark channels such that the four

categories sum up to the full result.

In Figure 2 we observe that the NNLO QCD co-

efficient features an analogous reduction in the rcut
dependence when accounting for linPCs by includ-

ing the contribution of Eq. (2). We note that start-

ing from NNLO QCD the linear scaling can be en-

hanced by additional logarithms in rcut (i.e. terms

of order rcut ln
k
(rcut), 1 < k < 2), as can be seen

from the figures. Like at NLO QCD the extrapolated

rcut → 0 results are fully compatible, but the cross

section with linPCs exhibits a considerably reduced

rcut dependence with the advantages discussed above.ll

We continue with the discussion of differential dis-
tributions within the fiducial phase-space selection.

Figure 3 shows the rapidity distribution of the pos-

itively charged lepton (yℓ+) at NLO QCD (left) and

at NNLO QCD (right) in the main panel. Results for

the fixed values rcut = 1% (dotted) and rcut = 0.15%
(dashed) with their statistical uncertainties indicated

by error bars are shown with (orange) and without

rcut = cutqT /Q[%]

q(q̄)q′ channel
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Figure 2: Dependence of the NNLO QCD Drell–Yan co-

efficient on rcut for each partonic channel with (orange)

and without (green) linPCs, normalized to the rcut → 0 re-

sult with linPCs. The horizontal lines show the respective

rcut → 0 extrapolations. Errors indicated as in Figure 1.

(green) linPCs in the upper and lower ratio panels,

respectively. The extrapolated rcut → 0 results with

(orange) and without (green) linPCs with their com-

bined numerical and extrapolation uncertainties indi-

cated by bands are depicted in both ratio panels. At

NLO QCD all curves in the two ratio panels are nor-

malized to the reference rcut-independent CS result

(blue), while at NNLO QCD all curves in the upper

(lower) ratio panel are normalized to the extrapolated

result without (with) linPCs.

The agreement at NLO QCD with the CS result is

truly remarkable, especially considering the very fine

binning. As expected, only the curve with a high cut-

off (rcut = 1%) and without linPCs is off by about

1%. Notably, this difference at rcut = 1% is removed

by including the linPCs. In all cases the extrapolated

results are fully compatible with that of the CS calcu-

lation at the permille level and within the respective

uncertainties.

At NNLO QCD we can appreciate the much bet-

ter convergence in rcut when linPCs are included. In

the first ratio panel, which shows the curves without

linPCs, the rcut = 0.15% (rcut = 1%) result is about

0.5% (more than 1%) from the extrapolated result.

By contrast, the curves including the linPCs in the

second ratio panel all agree within a few permille up

to statistical fluctuations. Therefore, the much higher

rcut value of 1% would be sufficient to obtain a reliable

Much improved convergence over 
linear power correction case

Accurate computation of the NkLO 
correction without the need to 
push  to very low values rcut

[Buonocore, Kallweit, LR, Wiesemann ’21]

Resorting to this prescription allows one to obtain precise and reliable predictions at N3LO

Now available in MATRIX 2.1
Talk by Simone Devoto

https://matrix.hepforge.org
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The Drell-Yan fiducial cross section at N3LO
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NNPDF4.0 NNLO, 13 TeV, pp ! Z/∞§(! `+`°) + X

NLO

NNLO

N3LO

• Mandatory to include missing linear power 
corrections to reach a precise control of the 
NkLO correction down to small values of  

• Plateau at small  indicates the desired 
independence of the slicing parameter 

• Result without power correction does not 
converge yet to the correct value at NkLO

qcut
T

qcut
T

pℓ±

T > 27 GeV |ηℓ±
| < 2.5ATLAS fiducial region

[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]
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| ⃗p ℓ+

T | | ⃗p ℓ−

T | > 27 GeV min{ | ⃗p ℓ±

T |} > 20 GeV |ηℓ±
| < 2.5Product cuts

The Drell-Yan fiducial cross section at N3LO

[Salam, Slade ’21]

• Alternative set of cuts which does not suffer from 
linear power corrections 

• Improved convergence, result independent of the 
recoil procedure

[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]
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The Drell-Yan fiducial cross section at N3LO and N3LO+N3LL
3

Order � [pb] Symmetric cuts � [pb] Product cuts

k NkLO NkLO+NkLL NkLO NkLO+NkLL

0 721.16+12.2%
�13.2% — 721.16+12.2%

�13.2% —

1 742.80(1)+2.7%
�3.9% 748.58(3)+3.1%

�10.2% 832.22(1)+2.7%
�4.5% 831.91(2)+2.7%

�10.4%

2 741.59(8)+0.42%
�0.71% 740.75(5)+1.15%

�2.66% 831.32(3)+0.59%
�0.96% 830.98(4)+0.74%

�2.73%

3 722.9(1.1)+0.68%
�1.09% ± 0.9 726.2(1.1)+1.07%

�0.77% 816.8(1.1)+0.45%
�0.73% ± 0.8 816.6(1.1)+0.87%

�0.69%

TABLE I. Fiducial cross sections for the symmetric (2a) and product (2b) cuts both at fixed perturbative order and including
all-order resummation.

dow is 66GeV < m`` < 116GeV and the lepton rapidi-
ties are confined to |⌘`

±
| < 2.5. The transverse momen-

tum of the two leptons is constrained as

Symmetric cuts [113]: |~p `±

T | > 27GeV , (2a)

Product cuts [100]:
q

|~p `+
T | |~p `�

T | > 27GeV ,

min{|~p `±

T |} > 20GeV . (2b)

The central factorisation and renormalisation scales

are chosen to be µR = µF =
q

m``
2 + p``T

2
and the cen-

tral resummation scale is set to Q = m``/2. In the results
presented below, the theoretical uncertainty is estimated
by varying the µR and µF scales by a factor of two about
their central value, while keeping 1/2  µR/µF  2. In
addition, for the resummed results, for central µR = µF

scales we vary Q by a factor of two around its central
value. Moreover, a matching-scheme uncertainty is esti-
mated by including the full scale variation of the additive
matching scheme of Ref. [59] (27 variations that comprise
the one of the central matching scale v0 introduced in
Eq. (5.2) of that article). The final uncertainty is ob-
tained as the envelope of all the above variations, corre-
sponding to 7 and 36 curves for the fixed-order and re-
summed computations, respectively. In the fiducial cross
sections quoted below at N3LO and N3LO+N3LL, we do
not consider the uncertainty related to the missing N3LO
parton distributions, which are currently unavailable.

In Fig. 1, we start by showing the transverse-
momentum distribution of the Drell–Yan lepton pair in
the fiducial volume (2a), obtained with Eq. (1), compared
to experimental data [113]. In the figure we label the
distributions by the perturbative accuracy of their inclu-
sive integral over p``T . Our state-of-the-art N3LO+N3LL
prediction provides an excellent description of the data
across the spectrum, with the exception of the first bin at
small p``T which is susceptible to non-perturbative correc-
tions not included in our calculation. We point out that
the term d�NNLO

DY+jet
�
⇥
d�N

3
LL

DY

⇤
O(↵3

s)
in Eq. (1) gives a non-

negligible contribution even for p``T  15GeV. The resid-
ual theoretical uncertainty in the intermediate p``T region
is at the few-percent level, and it increases to about 5%
for p``T & 50GeV. A more accurate description of the

large-p``T region requires the inclusion of EW corrections,
which we neglect in our calculation.
We now consider the fiducial cross section with sym-

metric cuts (2a). In order to gain control over the slicing
systematic error, we choose pcutT as low as 0.81GeV. In
the first column of Tab. I, denoted as NkLO, we show the
fixed-order results toO(↵k

s ). The second column of Tab. I
displays the result obtained including resummation ef-
fects. In the fixed-order case, the theoretical uncertainty
at N3LO, estimated as discussed above, is supplemented
with an estimate of the slicing uncertainty obtained by
varying pcutT in the range [0.45, 1.48]GeV and taking the
average di↵erence from the result with pcutT = 0.81GeV.
In the resummed case, we quote the total theoretical un-
certainty including also the matching scheme variation.
In both cases the statistical uncertainty is reported in
parentheses.
We observe that the new N3LO corrections decrease

the fiducial cross section by about 2.5%, and the final
prediction at N3LO has larger theoretical errors than
the NNLO counterpart, whose uncertainty band does not
capture the N3LO central value. This indicates a poor
convergence of the fixed-order perturbative series for this
process, which is consistent with what has been observed
in the inclusive case in Refs. [10–12]. In the resummed
case, the theoretical uncertainty is more reliable and
within errors the convergence of the perturbative series
is improved. The presence of linear power corrections is
also responsible for the moderate di↵erence between the
fixed-order and the resummed prediction for the symmet-
ric cuts (2a), which in turn indicates a sensitivity of the
cross section to the infrared region of small p``T . This ul-
timately worsens further the perturbative convergence of
the fixed-order series thereby challenging the perspectives
to reach percent-accurate theoretical predictions within
symmetric cuts.
A possible solution to this problem [100] is to slightly

modify the definition of the fiducial cuts as in Eq. (2b)
in order to reduce such a sensitivity to infrared physics.
We present for the first time theoretical predictions up
to N3LO and N3LO+N3LL for this set of cuts, reported
in the third and fourth column of Tab. I. The relative
di↵erence between the fixed-order and resummed calcu-
lations for the fiducial cross section never exceeds the

• 2.5% negative correction at N3LO in the ATLAS fiducial region. N3LO larger than the 
NNLO correction and outside its error band 

• More robust estimate of the theory uncertainty when resummation effects are included 

• Central value very similar at NkLO and NkLO+NkLL for product cuts, compatible with the 
absence of linear power corrections 

• Slicing error computed conservatively by considering the cutoff within the [0.45-1.5] GeV 
interval

Includes resummation of linear power corrections

qcut
T = 0.8 GeV

[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]



Rencontres de Moriond 2022, 24th March 2022 16

Fiducial distributions at N3LO+N3LL
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• Fully differential calculation allows one to 
obtain N3LO+N3LL predictions for fiducial 
observables 

• Leptonic transverse momentum is a particularly 
relevant observable due to its importance in the 
extraction of the W mass 

• Inclusion of resummation effects necessary to 
cure (integrable) divergences due to the presence 
of a Sudakov shoulder at  mℓℓ /2

dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

[Catani, Webber ’97]
[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]
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Summary

• State-of-the-art predictions for the fiducial cross section and differential distributions in the DY process at 
the LHC, through N3LO and N3LO+N3LL in QCD. 

• Thorough study of the performance of the computational method adopted, reaching an excellent control 
over all systematic uncertainties involved. 

• Residual theoretical uncertainties at the  level in the fiducial cross section, and at the few-percent 
level in differential distributions. 

𝒪(1%)
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Resummation of transverse momentum is delicate because pt is a vectorial quantity

n

∑
i=1

⃗k t,i ≃ 0cross section naturally 
suppressed as there is 
no phase space left for 
gluon emission 
(Sudakov limit)

Large kinematic cancellations 

pt ~0 far from the Sudakov limit

p2
t ∼ k2

t,i ≪ m2
H

Exponential 
suppression Power suppression

Resummation of the transverse momentum spectrum

Singlet

Singlet

Two concurring mechanisms leading to a system with small pt



Rencontres de Moriond 2022, 24th March 2022 

n

∑
i=1

⃗k t,i ≃ 0cross section naturally 
suppressed as there is 
no phase space left for 
gluon emission 
(Sudakov limit)

Large kinematic cancellations 

pt ~0 far from the Sudakov limit

p2
t ∼ k2

t,i ≪ m2
H

Exponential 
suppression Power suppression

Dominant at small  pt

Resummation of the transverse momentum spectrum

Singlet

Singlet

[Parisi, Petronzio, ’79] 

Two concurring mechanisms leading to a system with small pt

Resummation of transverse momentum is delicate because pt is a vectorial quantity
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Resummation of the transverse momentum spectrum in b space

δ(2) ( ⃗p t −
n

∑
i=1

⃗k t,i) = ∫ d2b
1

4π2
ei ⃗b ⋅ ⃗p t

n

∏
i=1

e−i ⃗b ⋅ ⃗k t,i

Exponentiation in conjugate space

two-dimensional momentum conservation

σ = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥

∞

∑
n=0

1
n!

n

∏
i=1

∫ [dki] |M(ki) |2 (ei ⃗b ⋅ ⃗k t,i − 1) = σ0 ∫ d2 ⃗p H
⊥ ∫

d2 ⃗b
4π2

e−i ⃗b ⋅ ⃗p H
⊥e−RNLL(L)

virtual corrections

RNLL(L) = − Lg1(αsL) − g2(αsL) L = ln(mHb/b0)

NLL formula with scale-independent PDFs

Logarithmic accuracy defined in terms of ln(mHb/b0) Talk by Ignazio Scimemi
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dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

All-order formula in Mellin space at N3LL

Now include effect of collinear radiation and terms beyond NLL accuracy

[Bizon, Monni, Re, LR, Torrielli ’17]

Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

Unresolved

Resolved

v = pt /M

[Re, LR, Torrielli ’21]
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dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

Now include effect of collinear radiation and terms beyond NLL accuracy

Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

R′ ℓ1 (kt1)

R′ ℓi (kti)

e−R(ϵkt1)
Sudakov radiator

R(kt1) = − log
M
kt1

g1 − g2 − ( αs

π ) g3 − ( αs

π )
2

g4 − ( αs

π )
3

g5

ln
M
kt1

→ ln
Q
kt1

+ ln
M
Q

Constant terms expanded in  and included in αs H

Resummation scale Q ∼ M

[Bizon, Monni, Re, LR, Torrielli ’17] [Re, LR, Torrielli ’21]

All-order formula in Mellin space at N3LL
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H(αs) = 1 + ( αs

2π ) H1 + ( αs

2π )
2

H2 + ( αs

2π )
3

H3

Three-loop hard-virtual coefficient
Σ̂c1,c2

N1,N2
(v) = [Cc1;T

N1
(αs(μ0))H(μR)Cc2

N2
(αs(μ0))] ∫

M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

H(μR)

( αs

2π )
3

H3

… + + …

2

[Gehrmann et al. ’10]

dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

Now include effect of collinear radiation and terms beyond NLL accuracy

[Bizon, Monni, Re, LR, Torrielli ’17] [Re, LR, Torrielli ’21]

All-order formula in Mellin space at N3LL
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Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

Cc1;T
N1

(αs(μ0)) Cc2
N2

(αs(μ0))

∫
μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt))

Γ(C)
Nℓ1

(αs(kt1))

Γ(C)
Nℓi

(αs(kti))

Now include effect of collinear radiation and terms beyond NLL accuracy

dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

Three-loop coefficient functions 
and their evolution

C(αs, z) = δ(1 − z) + ( αs

2π ) C1(z) + ( αs

2π )
2

C2(z) + ( αs

2π )
3

C3(z)( αs

2π )
3

C3(z)

[Li, Zhu ’16][Vladimirov ’16][Luo et al. ’19][Ebert et al. ’20]

[Bizon, Monni, Re, LR, Torrielli ’17] [Re, LR, Torrielli ’21]

All-order formula in Mellin space at N3LL
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All-order formula in Mellin space at N3LL

Σ̂c1,c2
N1,N2

(v) = [Cc1;T
N1

(αs(μ0))H(μR)Cc2
N2

(αs(μ0))] ∫
M

0

dkt1

kt1 ∫
2π

0

dϕ1

2π
e−R(ϵkt1)

× exp {−
2

∑
ℓ=1 (∫

μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt)) + ∫

μ0

ϵkt1

dkt

kt
Γ(C)

Nℓ
(αs(kt)))}

×
2

∑
ℓ1=1

(R′ ℓ1 (kt1) +
αs(kt1)

π
ΓNℓ1

(αs(kt1)) + Γ(C)
Nℓ1

(αs(kt1)))
×

∞

∑
n=0

1
n!

n+1

∏
i=2

∫
1

ϵ

dζi

ζi ∫
2π

0

dϕi

2π
Θ (v − V({p̃}, k1, …, kn+1)),

×
2

∑
ℓi=1

(R′ ℓi (kti) +
αs(kti)

π
ΓNℓi

(αs(kti)) + Γ(C)
Nℓi

(αs(kti)))

∫
μ0

ϵkt1

dkt

kt

αs(kt)
π

ΓNℓ
(αs(kt))

αs(kt1)
π

ΓNℓ1
(αs(kt1))

αs(kti)
π

ΓNℓi
(αs(kti))

DGLAP evolution

dΣ(v)
dΦB

= ∫𝒞1

dN1

2πi ∫𝒞2

dN2

2πi
x−N1

1 x−N2
2 ∑

c1,c2

d |MB |2
c1c2

dΦB
fT
N1

(μ0)Σ̂
c1,c2
N1,N2

(v)fN2
(μ0),

Now include effect of collinear radiation and terms beyond NLL accuracy

[Bizon, Monni, Re, LR, Torrielli ’17] [Re, LR, Torrielli ’21]
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dΣ(v)
dΦB

= ∫
dkt1

kt1

dϕ1

2π
∂L (−e−R(kt1)ℒN3LL′ (kt1))∫ d𝒵Θ (v − V({p̃}, k1, …, kn+1))

+∫
dkt1

kt1

dϕ1

2π
e−R(kt1) ∫ d𝒵∫

1

0

dζs

ζs

dϕs

2π {(R′ (kt1)ℒNNLL(kt1) − ∂LℒNNLL(kt1))

+
α2

s (kt1)
π2

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL′ (kt1) − β0
α3

s (kt1)
π2 ( ̂P(0) ⊗ Ĉ(1) + Ĉ(1) ⊗ ̂P(0)) ⊗ ℒNLL(k(t1) +

α3
s (kt1)
π2

2β0 ln
1
ζs

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(k(t1)

+
1
2 ∫

dkt1

kt1

dϕ1

2π
e−R(kt1) ∫ d𝒵∫

1

0

dζs1

ζs1

dϕs1

2π ∫
1

0

dζs2

ζs2

dϕs2

2π
R′ (kt1){ℒNLL(kt1)(R′ ′ (kt1))2 ln

1
ζs1

ln
1

ζs2
− ∂LℒNLL(kt1)R′ ′ (kt1)(ln

1
ζs1

+ ln
1

ζs2 )
+

α2
s (kt1)
π2

̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1) +
α2

s (kt1)
π2 (ln

1
ζs1

+ ln
1

ζs2 ) R′ ′ (kt1) ̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(k(t1) − ln
1

ζs1
ln

1
ζs2

(R′ ′ (kt1)2∂LℒNLL(k(t1)

+
α2

s (kt1)
π3

̂P(0) ⊗ ̂P(0) ⊗ ̂P(0) ⊗ ℒNLL(kt1)} × {Θ (v − V({p̃}, k1, …, kn+1, ks1, ks2)) − Θ (v − V({p̃}, k1, …, kn+1, ks1))−

Θ (v − V({p̃}, k1, …, kn+1, ks2)) + Θ (v − V({p̃}, k1, …, kn+1))} + 𝒪 (αn
s ln2n−7 1

v )

+
α3

s (kt1)
2π2 ( ̂P(0) ⊗ ̂P(1) + ̂P(1) ⊗ ̂P(0)) ⊗ ℒNLL(k(t1)} × {Θ (v − V({p̃}, k1, …, kn+1, ks)) − Θ (v − V({p̃}, k1, …, kn+1))}

ℒN3LL′ (kt1)
Luminosity factor: contains the three 
loop collinear coefficient functions  
and the three loop hard function 

C3
H3

NNLL corrections

𝒪 (αn
s ln2n−7 1

v ) Subleading terms

× (R′ ′ (kt1)ln
1
ζs

+
1
2

R′ ′ ′ (kt1)ln2 1
ζs ) − R′ (kt1)(∂LℒNNLL(kt1) − 2

β0

π
α2

s (kt1) ̂P(0) ⊗ ℒNLL(kt1)ln
1
ζs )

All-order formula in Mellin space at N3LL [Bizon, Monni, Re, LR, Torrielli ’17] [Re, LR, Torrielli ’21]

N3LL corrections

[Gehrmann et al. ’10]
[Li, Zhu ’16][Vladimirov ’16][Luo et al. ’19][Ebert et al. ’20]

{
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Transverse recoil effects in fiducial DY setup
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At the pure resummed level recoil prescription captures whole linear power corrections from fiducial cuts

Effect reduce at 1-2% level after matching to fixed order (effect becomes )𝒪(α4
s )

Pure resummed: band widening due to power corrections due to modified logs 

ln(Q/kt1) → 1/p ln(1 + (Q/kt1)p)

∫
M

0

dkt1

kt1
→ ∫

∞

0

dkt1

kt1

(Q/kt1)p

1 + (Q/kt1)p

[Re, LR, Torrielli ’21]
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

Transverse momentum spectrum at N3LO+N3LL

• Non-singular (matching) correction non-
negligible even below  GeV 

• Fixed order matching crucial to get correct shape 

qT ≲ 15

[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]

No fixed order component below 30 GeV
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dσNkLO+NkLL
V ≡ dσNkLL

V + dσNk−1LO
V+jet − [dσNkLL

V ]𝒪(αk
s )

Transverse momentum spectrum at N3LO+N3LL
[Chen, Gehrmann, Glover, Huss, Monni, Re, LR, Torrielli ’22]

Effect of NNLO corrections in the V+jet calculation 
has 1-3% effect between 10 and 30 GeV
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Transverse recoil effects in fiducial DY setup
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Recoil effectively captures the full linear fiducial power correction for pt

Symmetric cuts on the dileptons induce linear power corrections in the fiducial spectrum
[Salam, Slade ’21]Can be avoided by suitable choice of cuts 
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Comparison with previous N3LO estimates
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NLO
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pℓ±

T > 25 GeV |ηℓ±
| < 2.5Symmetric cuts

• Omission of linear power corrections leads to 
incorrect estimate of NkLO corrections 

• Data at N3LO not of sufficient quality to observe 
a stable plateau, inducing larger systematic 
uncertainties

[Camarda, Cieri, Ferrera ’21]


